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Abstract 

This paper deals with two aspects of the theory of characteristic classes of star products: 
first, on an arbitrary Poisson manifold, we describe Morita equivalent star products in terms of 
their Kontsevich classes; second, on symplectic manifolds, we describe the relationship between 
Kontsevich's and Fedosov's characteristic classes of star products. 
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1 Introduction 



Given a smooth real manifold M, consider the set FPoiss(M) of equivalence classes of formal 
Poisson structures vr = /ivri + h?-K2 + . . . G T {a'^T M)[[h]] on M, and let Def(M) denote the set of 
equivalence classes of star products * on M. The celebrated Kontsevich's formality theorem [461 SZ] 
provides a bijective correspondence 



in such a way that if vr = hiTi + . . . and * are related by /C*, then * is a deformation quantization, 
in the sense of of the ordinary Poisson structure vri. In particular, any star product on M can 
be assigned to an equivalence class of a formal Poisson structure via called the Kontsevich 

characteristic class or simply the Kontsevich class of the star product. 

For a given star product, finding the associated Kontsevich class is often a hard problem, to 
which no effective solution is currently available. There are two main approaches to tackle this 
problem: the first one makes use of algebraic index theorems, see e.g. [HI [I2l EH [28l [29l [50] , while 
the second is based on homological algebra arguments, such as the duality between Hochschild 
cohomology and homology [TOl [13 [261 [3Ql EH [58] . 

The first goal of the present paper is to describe the Kontsevich classes of Morita equivalent 
star-product algebras on a smooth real manifold M (in this paper, star products are defined on 
the algebra of complex-valued smooth functions on M). As shown in jH |^, two star products 
on M are Morita equivalent if and only if they lie in the same orbit of a canonical action of the 
group Diff (M) K Pic(M) on the moduli space Def(M) of equivalence classes of star products; here 
Diff(M) denotes the group of diffeomorphisms of M, and Pic(M) = i/^(M, Z) is the Picard group, 
i.e., the group of isomorphism classes of complex line bundles over M. The action of Diff(M) on 
star products is the natural one by pull-back, while the action of V\c{M) on Def (M) is defined in 
a less obvious way [4]. Hence the problem of expressing Morita equivalent star products in terms 
of their Kontsevich classes amounts to describing the action of Diff(M) >< Pic(M) on the moduli 
space of formal Poisson structures FPoiss(M) making the map IC-t in (jl.ip equivariant. 

The group Diff(M) naturally acts on formal Poisson structures, and it follows from j20[ I47j that 
the map (jl.ip is Diff (M)-equivariant; so in order to describe Morita equivalent star products one 
only needs to focus on the action of the Picard group Pic(M). A key observation is that the set 
of formal Poisson structures on M carries a natural action of the abelian group of closed (C[[^]]- 
valued) 2-forms, defined by a formal version of the gauge transformations of [55[ Sec. 3] (also known 
as B- field transforms in the context of generalized complex geometry |39l I42j ): moreover, we prove 
that this action naturally descends to an action of the abelian group i/^(M, C)[[^]] on the moduli 
space FPoiss(M). Our first main result is Theorem 13. 11 [ which asserts that two star products are 
related by the action of a line bundle L, representing an element in Pic(M), if and only if their 
classes in FPoiss(M) are connected by the action of the element 27rzci(L), where ci(L) is the Chern 
class of L. For a further discussion relating this result to Morita equivalence of Poisson manifolds, 
we refer to [8]. 

Morita equivalent star products have been also considered in the physics literature in the context 
of noncommutative gauge theory [431 [5^ . The essence of the statement of our Theorem 13.111 
may be found in these works, as well as ideas concerning its proof; here we provide a complete 
proof of this result based on the explicit globalization of Kontsevich's formality quasi-isomorphism 
constructed in [181 [20l Wl\ and some general facts about formal differential equations. 

On a symplectic manifold (M, w), equivalence classes of star products quantizing the associated 
non-degenerate Poisson bracket are classified by their Fedosov classes, which are elements in 



/C* : FPoiss(M) 



Def(M) 



(1.1) 



(1.2) 
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see, e.g., [3l [161 IISl [23 [211 [501 [51]. Hence to each star product * on (M, lo) one may assign either 
its Kontsevich class, defined by the class of a formal Poisson structure vr = Htti + . . . , where vri 
is the Poisson bivector field defined by the symplectic form iv, or its Fedosov class in (jl.2p . The 
nondegeneracy of vri implies that the series vr = hni + . . . can be formally inverted to a series 
of closed 2- forms, defining an element in ()1.2p . and the fact that this element agrees with the 
Fedosov class of the star product * has been conjectured by A. Chervov and L. Rybnikov in [131 
Conjecture 4]. In this paper, we prove this conjecture, which allows us to recover the description of 
Morita equivalent star products on symplectic manifolds of [7J as a particular case of our Theorem 
13.111 The proof of this conjecture about the relationship between Fedosov's and Kontsevich's classes 
in Theorem 14.11 also partially closes the project mentioned in item 1) of [461 Section 0.2]. 

We remark that the construction of the map /C^, in (jl.ip involves choices. We prove in Theo- 
rem [2?6| that the definition of the Kontsevich classes of star products does not depend on the choices 
made in the globalization procedure of |2Q]. This definition may depend, however, on the specific 
choice of formality quasi-isomorphism between polyvector fields and polydifferential operators on 

. In this paper, we tacitly assume that the formality quasi-isomorphism on M'^ is the one con- 
structed by M. Kontsevich in [46] with the angle function defined via hyperbolic geometry of the 
Lobachevsky plane. 

Finally, we point out that there is an alternative construction of global star products in [9], 
which we believe can also be used to study Morita equivalence as well as to relate Fedosov's and 
Kontsevich's classes of star products on symplectic manifolds. 

Let us briefly describe the organization of the paper. 

In Section [21 we recall Fedosov's resolutions and the globalization of Kontsevich's formality 
quasi-isomorphism [20l HI], which we use to define the Kontsevich classes of star products. We 
verify in Theorem l2.6l (whose proof is deferred to Appendix [C]) that the definition of the Kontsevich 
classes is independent of the choices made in the globalization procedure. 

Section [3] is devoted to the description of the Kontsevich classes of Morita equivalent star 
products. The key step consists in verifying that the map /C* in (jl.ip satisfies an equivariance 
property with respect to appropriate actions of the Picard group, as explained in Theorem 13.111 

In Section [H we describe the relationship between Fedosov's and Kontsevich's classes of star 
products on symplectic manifolds. The main result of this section is formulated in Theorem l4.11 and 
its proof is divided into several parts. First, we introduce a modification of Fedosov's construction 
|27j . Second, we describe a version of the Emmrich-Weinstein connection [25], which is then used 
to show that Kontsevich star products are equivalent to the star products constructed using the 
modified Fedosov construction. Finally, we show that the original Fedosov star products coincide 
with the star products obtained using the modified Fedosov construction. 

In the end of the paper. Appendix [Al collects the necessary facts about formal differential 
equations. Appendix [B] recalls some key facts about DGLAs, Maurer-Cartan elements and Loo- 
morphisms. Finally, Appendix [O contains the somewhat technical proof of Theorem 12.61 
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tutions that hosted us at various stages of this project: Freiburg University (H.B.), U. C. Riverside 
(H.B.), Northwestern University (V.D.), the University of Chicago (V.D.), and IMPA (S.W.). 
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1.1 Notation and conventions 

Throughout this paper M is a smooth real manifold, Om is the sheaf of smooth complex-valued 
functions on M, and 0{M) is the algebra of its global sections. The algebra of smooth complex- 
valued poly vector fields is denoted by X*{M)] it is equipped with the Schouten-Nijenhuis bracket 
[) ]sN, which is a degree Lie bracket for the shifted grading X*~^^{M). The space of complex- 
valued differentiable forms is denoted by Q*(M). For a sheaf of OM-modules Q and an open subset 
U C M, we denote by T{U,Q) the vector space of global sections of Q and by OiU) the algebra 
of smooth complex-valued functions on U . Furthermore, we denote by Vl'{U,Q) the graded vector 
space of exterior forms on U with values in Q. 

For a vector u in a graded vector space or a cochain complex V , its degree is denoted by \v\. 
By the suspension sV of a graded vector space (or a cochain complex) V we mean e (g) 1/, where 
e is a one-dimensional vector space placed in degree +1. The desuspension s~^V is the inverse 
operation. Throughout this paper we use the Koszul rule of signs. If y is a graded vector space, 
we denote its symmetric algebra by S{V), whereas S^{V) is the k-th. component of this algebra. 

For a unital associative algebra A, we denote by C*{A) the (normalized) Hochschild cochain 
complex of A with coefficients in A, 

C'(^) = Hom((^/Cl)',^). (1.3) 

The coboundary operator 5^°'^^ on ()1.3p is given by 

id^"'''^P){ao,ai, . . . ,afc) =aoP{ai, . . . ,afc) - P{aoai, . . . ,ak)+ 

P{ao, 0102,03, . . . , Ofc) h (-l)^P(ao, . . . , 0^-2, Ofc-iafc)+ (1-4) 

(-l)^+^P(ao, . . . , Ok-2, ak-i)ak, 

where P € C^{A) and Oi € A. In particular, for a degree-zero cochain P € C^{A) = A, we have 

(5«°^hp)(ao) = aoP-Pao. (1.5) 

The Hochschild cochain complex with the shifted grading C*~^^{A) carries the structure of a 
differential graded Lie algebra (or DGLA for short). The differential is exactly the Hochschild 
coboundary operator c^Hoch p_4p g^j^^j ^j^g bracket is the well-known Gerstenhaber bracke10 [33], 

[Qi, Q2]g = ^(-l)(*+'^)'^Qi(ao, . . . , Q2{a,, . . . , a,+fc,), . . . , ou,+k,) - (-l)'^'^(l ^ 2) , (1.6) 

i=0 

where Qi £ C''^+'^{A), and aj G A. 

As usual in this subject, we use adapted versions of Hochschild (co)chains for the algebra 0{M); 
we denote by C*{Om) the proper subcomplex of polydifferential operators in the full Hochschild 
cochain complex of 0{M). 

In this paper every DGLA {C,dc, [, ]c) is equipped with a complete descending filtration 

■■■ D T-^Cd T-^£d J='°Cd T^Cd ... , C = lim£/ J^C. (1.7) 

In most cases this filtration will be bounded from the left. We will often use a formal deformation 
parameter h to obtain a complete descending filtration on C. For example, extending the field of 
scalars C to the ring C[[/i]] of formal power series, we obtain from the DGLA C'~^^{A) (resp. the 

^Note that our sign convention for the Gerstenhaber bracket differs from the standard one. 
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graded Lie algebra X'+\M)) the DGLA C'+^{A)[[h]] (resp. the graded Lie algebra X'+\M)[[h]]); 
the descending filtrations are 

We assume that every morphism k : £ — s- £ of two such DGLAs is compatible with the filtrations. 
In addition, every quasi-isomorphism k : £ — > £ is assumed to satisfy the following: 

Condition 1.1 The restriction of a quasi-isomorphism k to each filtration subcomplex T™" L' 
is a quasi-isomorphism. 

We will also need Loo morphisms and Lqo quasi-isomorphisms of DGLAs. We recall them in 
Appendix [HI see Definitions IB. 21 and IB. 31 For L^o morphisms or L^o quasi-isomorphisms between 
DGLAs, we reserve the arrow > — >. 



2 Global formality and star products 
2.1 Fedosov's resolutions 

We now briefly recall Fedosov's resolutions (see [iHl Chapter 4]) of polyvector fields, and Hochschild 
cochains of 0{M). This construction has various incarnations, and it is referred to as the Gelfand- 
Fuchs trick [31] , or formal geometry [32] in the sense of Gelfand and Kazhdan, or mixed resolutions 
[H] of YekutieU. 

We denote by local coordinates on M and by y* fiber coordinates in the tangent bundle TM. 
We denote by SM the formally completed symmetric algebra of the cotangent bundle T*M. We 
regard SM as a sheaf of algebras over Om, whose sections can be viewed as formal power series in 
tangent coordinates . In particular, C*{SM) is the sheaf of normalized Hochschild cochains of 
SM over Om- Namely, sections of C^{SM) over an open subset U C M are 0{U)-lmeav map^ 

P ■.T{U,SM)^'' ^T{U,SM), (2.1) 

which are continuous in the y-adic topology on T{U,SM) and satisfy the normalization condition 

P(...,l,...) = 0. (2.2) 

We let T'^iy be the sheaf of fiberwise polyvector fields, which is the cohomology of the complex of 
sheaves C*{SM) (see [IS, page 60]). The grading convention for T'^^y coincides with the one for 
X'{M). 

It is shown in ^18^ Theorem 4] that the algebra Q*{M,SM) can be equipped with a differential 
of the form 

D = V-S + A, (2.3) 



where 



^ = dx'^-dx'T^Ax)y^^ (2.4) 



^The sheaf C'{SM) is the y-adic completion of the sheaf V'^iy of fiberwise polydifferential operators. It is the 
latter sheaf that was used in [18] (see Definition 12 on page 60), and it is not hard to see that the sheaf V'^iy can be 
replaced by its completion C'{SM) in all the constructions of [18j . 
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is a torsion free connection with Christoffel symbols T^j{x), 

S = dx^^, (2.5) 

and 

A = Y: ...y'^g-^ ^\T,\) . (2.6) 



Remark 2.1 Although the construction of the differential ()2.3p is very similar to the construction 
of the Fedosov differential in [27j, they are not be confused; we refer to the differential (j2.3p as a 
geometric Fedosov differential while the original Fedosov differential is referred to as a quantum 
Fedosov differential. 

Note that 6 in (|2.5p is also a differential on Q.*{M, SM), and (j2.3p can be viewed as a deformation 
of (5 via the connection V. Let us recall from [18| the following operator on i}'(M,SM): 



d 



d{dx 



J a{x,ty,tdx)j, if a G O>0(M, <SM) , 



(2.7) 



otherwise . 



The arrow over d in (j2.7p means that we use the left derivative with respect to the "anti-commuting" 
variable dx''. The operator ()2.7I) satisfies the following properties: 



0, 



where 



a = a{a) + 66 ^a + 6 ^6a 
a{a) = a 



Va e n'{M,SM), 



j/*=dx'=0 



(2.8) 
(2.9) 

(2.10) 



Remark 2.2 Following [TBI Chapter 4], we extend the operators 6, 6 ^ and a to ^l'{M,T'^iy) and 
n'{M,C'{SM)) so that ([IJ]) holds also for all a G n'{M,T'^iy), and for all a € n'(M,C»(5M)) . 

According to [18l Prop. 10] the sheaves X^oiy and C*(5M) are equipped with a canonical action 
of the sheaf of Lie algebras T^^iy, and this action is compatible with the corresponding DGLA 
structures. Using this action in [18^ Chp. 4], the Fedosov differential (j2.3p is extended to differentials 
on VL'{M,T*^iy) and 9.*{M,C'{SM)). Propositions 13 and 14 in [E] provide us with a quasi- 
isomorphism from the graded Lie algebra X*^^[Ad) to the DGLA 

(17-(M,T;„+i),A[,]5iv), (2.11) 

and a quasi- isomorphism from the DGLA C'^^{Om) to the DGLA 

(Jl*(M,C7'+i(5Af)),D + 9"°=^,[, ]g). (2.12) 

To construct these quasi-isomorphisms we recall that the restriction of the map a (j2.10p to the 
subspace of Z)-flat sections T{M,SM) n ker D gives a bijection 

a : T{M, SM) nkeiD^ 0{M) (2.13) 
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onto the algebra of functions 0{M). The inverse map 

r : 0(M) ^ r(M, SM) n ker D (2.14) 

is defined by iterating the equation 

rif) = f + S-\VT{f) + A . T{f)), f G 0(M), (2.15) 

in degrees in the fiber coordinates y's. 

One may verify that the map r satisfies 

d d 

. . . ^ . t( f) = (9„ii . . . dir, fix) + lower order derivatives of f. (2.16) 

To proceed further, we need the subspace 

TsiM, C'+\SM)) = T{M, C'+\SM)) D ker 5 (2.17) 

of 5-flat cochains of the sheaf SM . This subspace consists of OAf-linear polydifferential operators 
on SM whose coefficients do not depend on the fiber coordinates y's. The graded vector space 
Ts{M,C'~^^{SM)) is, in fact, isomorphic to the subspace 

r(M, C'+i(5M)) nkerZ? 

of D-flat sections of C'^^{SM). The corresponding isomorphism, 

Q : Ts{M,C'+\SM)) ^ T{M,C'+\SM)) n ker D, (2.18) 

is defined by iterating the equation 

Q{P) = P + 5-HVgiP) + [A,eiP)]G), PeTsiM,C'+HSM)) (2.19) 

in degrees in the fiber coordinates y's. 

On the other hand, using r (I2.14p we construct the map 

u : Ts{M, C'+\SM)) C'+\Om), (2.20) 

iy{P){aQ, ai,...,ak) = P(T(ao), r(ai), . . . , r(afc)) 

y=Q 

for Oi € 0{M) and P G rs{M,C''+^SM)). Due to property (f2T6]) . the map u is also an isomor- 
phism of graded vector spaces. 

Composing g with we get the isomorphism 

Text = 0ou-^ : C'+^{Om) ^ r{M,C'+\SM))nkeTD, (2.21) 

as well as the following embedding (for which we keep the same notation): 

Text = r o : C'+\Om) ^ ^'{M, C"+^(5M)). (2.22) 

Restricting (I2.21[) and (|2.22p to the graded Lie algebra <Y*+^(M) of polyvector fields, we get the 
isomorphism 

Text : (M) ^ r(M, Tp^+i) n ker D (2.23) 
and the embedding (for the both maps we keep the same notation Text) 

Text : X-+\M) ^ n-{M, T;+^1) , (2.24) 



respectively. According to [181 Chapter 4] both maps (|2.22p and (|2.24p are compatible with the 
corresponding DGLA structures. Furthermore, the acyclicity of D in positive exterior degrees 
implies that the maps (j2.22p and (j2.24p are quasi-isomorphisms. 

To simplify our notation, we shall denote all three maps (j2.14p . (j2.22p . and (j2.24p simply by r, 
avoiding the notation Text henceforth. This simplification does not lead to confusion because the 
restriction of Text (|2.22p to 

0{M) = C^{Om) = X^{M) 

coincides with r. 

2.2 A sequence of quasi-isomorphisms between X*^^{M) and C'^^{Om) 

We now outline the construction of a sequence of quasi-isomorphisms between the DGLAs X*^'^{M) 
and C*^^{Om)- The construction makes use of Kontsevich's Loo-quasi-isomorphism |46j K from 
the DGLA X'+^{M!^) of polyvector fields on M'^ to the DGLA C'+^{0^ci) of Hochschild cochains of 
Ot^ci (see Remark l2.7p . Let us list some key properties of the structure maps 

;f+i(Mrf)j ^c'+\0^,)[l-n], n>l (2.25) 

of this Loo-quasi-isomorphism K: 

P 1 K„(. .. ,71,72, ... ) = -(-l)l'''ill'^2|^^(-_ _ ^^2,71, . . . ) , where |7j| is the degree of 7^ in the 
vector space ^Y*"'"^(M'^) with the shifted grading. 

P 2 The map Ki : X*~^^(M.'^) —> C'~^^{0^d) coincides with the canonical embedding of the space 
of polyvectors into the space of polydifferential operators. 

P 3 The maps Kn are qI^ equivariant. 

P 4 Kn{v, . . . ) = if n > 2 and u is a vector field which depends linearly on the coordinates of 
M^. 

P 5 li vi,V2, ■ ■ ■ ,Vn are vector fields and n >2 then Kn{vi, . . . , Vn) = 0. 

P 6 For every n > 2 we have Kn{- ■ ■ ,c) = if c is a constant viewed as a degree-zero polyvector 
field c G X^{W^) = 0{W^). 

Properties P[T]- P [5] allow us to construct an Loo-quasi-isomorphism 

K*- : (Q-(r;„+^),A[, ]sn) (^^•(C•+l(5M)),Z) + 9^^-^[, ]g) (2.26) 
as follows. For every coordinate neighborhood U the part 

/i^ = -dx%{x)y^^ -6 + A (2.27) 

of the geometric Fedosov differential ()2.3p may be viewed as a Maurer-Cartan element of the DGLA 

in'iu,T;X'),d,[,]sN), 

where d is the de Rham differential. Kontsevich's Lqo quasi-isomorphism [36] for M.'^ may be viewed 
as an Loo quasi-isomorphism 

K : (0'(f/,T;+J),(i, [, ]sn) {n'{U,C'+HSM)),d + d''°''\[, ]g) . (2.28) 
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Using this L^o quasi- isomorphism and equation ()B.17p from Appendix |Bl we can send the Maurer- 
Cartan element /i^ to the Maurer-Cartan element 



n=l 

of the DGLA {Q.'{U,C'+^{SM)),d + 8^°'''^ ]g) ■ Properties P [2] and P [5] imply that 

oo ^ 
n=l 

Therefore, twisting K by the Maurer-Cartan element (see Appendix |B]) we get Q,n Loo QU3,si- 
isomorphism 

K^v : (1^'(C/,t;+;), A[, ]sn) (^^•(C/,C•+l(5Af)),Z) + 9H-^[, ]g). (2.29) 

Properties P [3] and P H] imply that K^^u does not depend on the choice of trivialization of the 
tangent bundle TM over U. Hence we get an Lqo quasi- isomorphism (I2.26P by setting 

i^^(7l, 72, . . . , 7n)|^ = i^/^^ (71, 72, . . . , In) ■ (2-30) 
Combining K^^ with the maps ()2.22p and (I2.24|) . we obtain a sequence of quasi- isomorphisms 

J^tw 

A"+i(M) ^ f]'(M,T;+/) n'{M,C-+\SM)) ^ C'+\Om)- (2.31) 
Using [19 „ Lemma 1], we can reduce the sequence ()2.3ip to a single L^o quasi-isomorphism 

/C : X'+\M) C'+\Om) (2.32) 

between the DGLAs X'+^{M) and C'+'^{Om)- More precisely, in [HI Chapter 4, Eq. (4.36)] a 
chain homotopy is constructed which contracts the complex {Q*{M, C*~^^{SM)),D + 5^°'=ti) to its 
sub-DGLA 

(r(M,C"+i(5M))nkerD,a"°=\[, ]g) . (2.33) 
Using this chain homotopy and [19\ Lemma 1], one constructs an Lqo quasi-isomorphism 

}C : X'+\M) (^7•(M,C•+l(5A/)),Z) + a^°^^[, ]g) (2.34) 

satisfying two properties: first, all the structure maps /C„ of fC take values in the sub-DGLA (j2.33p : 
second, /C is homotopy equivalent to the composition 

K^"" ot: X'+^{M) {n'{M,C'+\SM)),D + d^°''^,[, ]g) ■ 

Composing /C with the inverse of the isomorphism (j2.2ip we get the desired L^o quasi-isomorphism 
IC (j2.32p . Going through details of this construction and using the fact that the structure maps 
(|2.25p land in normalized Hochschild cochains, one verifies the following: 

Proposition 2.3 For every constant c, viewed as a degree zero polyvector field c € X^[M) = 
0{M), we have 

/Ci(c) = c, and ICn{- . . , c) = 0, V n > 2. 
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Remark 2.4 From now on we extend the field of scalars C to tlie ring C[[/i]] in all our constructions. 
In other words, we replace the DGLAs X*+^{M), 0'(M, 7^;+^), 0'(M, C'+^{SM)), and C*+^{Om) 
in (p3T]) with 

^•+i(Af)[[n]], n'{M,T;+^')m], n-{M,c'+\SM))m], c-+\OMm]], (2.35) 



respectively. We also replace the connection form F in (j2.4p by a general formal Taylor power series 
in h: 

Fa = Fo + hVi + r?T2 + . . . , 

where Fq is an ordinary torsion free connection form and Fi, F2, ... are global sections of TM 
S'^{T*M) . Finally, we allow A (j2.6p to have the more general form: 

A= ^ Gf)i(M,T;„,^)[[;.^^ (2.36) 

p=2,r=0 ^ 

It is not hard to see that the constructions described in Subsection 12.11 and in this subsection can 
be generalized to this setting. Furthermore, the resulting Lqo quasi-isomorphisms (|2.3ip connecting 
the DGLAs in (j2.35p agree with the fi-adic filtration and satisfy Condition II. 1[ 

Remark 2.5 We will need the following complete descending filtration on the sheaf of algebras 
SM[[h]] (see AppendixE]): 

SM[[h\] = J^SM[[n]] D T^SM[[h]] D J=-'^SM[[h]] D (2.37) 

where local sections of .F™'5M[[?i]] are the series 

2k+l>m 

2.3 Star products and their equivalence classes 

A star product [U [2] on a manifold M is a C[[^]]-linear associative product on 0(M)[[/i]] of the 
form 

00 

f*g = fg + Y.h'^U,{f,g), (2.38) 

k=l 

where f,g£ 0{M)[[h]] and 11^ € C'^{Om), i-e., are normalized bidifferential operators. Because 
we deal with normalized Hochschild cochains (jl.3p . star products satisfy 



/*l = l*/ = /. (2.39) 

Since f * g = fg mod h, star products should be viewed as an associative (but not necessarily 
commutative) formal deformation of the ordinary product of functions on M. 

Two star products * and *' are equivalent if there exist (normalized) differential operators 
Ti : 0{M) ^ 0{M), i = 1, 2, . . ., so that the formal series T = id + hTi + h^T2 + ... intertwines 
the star products, 

T{f*g)=T{f)*'T{g). (2.40) 

We denote the set of equivalence classes of star products on M by Def(M). 

The associativity property of a star product (j2.38p can be equivalently expressed as the Maurer- 
Cartan equation 

a"°'=^n + ^[n,n]G = o 
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for the formal series of bidifferential operators U := Efcli ^'"n^ G C'^{Om)[M. Thus Maurer- 
Cartan elements of the DGLA C*"'"^(Om)[[^]] (see Appendix [B]) are exactly the star products on 
M. Furthermore, one can verify that equivalent Maurer-Cartan elements of C*"''"'^(Oa,/)[[^]] (in the 
sense of ()B.4p ) correspond to equivalent star products. 

Maurer-Cartan elements in ^%'*"^^(M)[[/i]] are formal series of bivector fields in h, 

7r = hTTi + n^TTa + ■■■ ehX^iM)[[h]] (2.41) 

satisfying the equation 

[TT,7r]sN = 0. (2.42) 

We refer to Maurer-Cartan elements in Af*^"'^(M)[[/i]] as formal Poisson structures, by analogy with 
the usual definition of Poisson structures in geometry (cf . [231 BHl [60] ) ; further properties of formal 
Poisson structures are discussed in Section 13.21 

As recalled in Appendix [Bl the prounipotent group of formal diffeomorphisms, 

(5{X'+\M)[[h]]) = exp {hX\M)[[h]]) , (2.43) 

acts on Maurer-Cartan elements of A'*"'"^(M)[[?i]] according to 

vt-pW =exp([.,X]57v)vr, (2.44) 

where X G ^A'^(M)[[?i]]. Two formal Poisson structures vr and fr are said to be equivalent if they lie 
in the same orbit of this action. We denote the set of equivalence classes of formal Poisson structures 
b}jl FPoiss(M). The equivalence class of a star product * and of a formal Poisson structure vr will 
be denoted by 

[*] G Def(M) and [vr] G FPoiss(M), 

respectively. 

The Loo quasi-isomorphism /C in (j2.32p establishes, according to ()B.17p . a correspondence be- 
tween formal Poisson structures and star products on M, 

oo 

7rh^*K, where f *k 9 = f 9 + ^^n{T^,T^, ■ ■ ■ ,T^){f , g), (2.46) 

n=l 

for f,g £ 0{M)[[h]]. We refer to *k as the Kontsevich star product associated with vr. By 
Proposition IB. 41 the correspondence ()2.46p induces a bijection 

X:, : FPoiss ^ Def(M), (2.47) 

associating to each equivalence class of formal Poisson structures an equivalence class of star prod- 
ucts. We call the class [vr] = /C<r"'^([*]) in FPoiss Kontsevich's class of the star product *. 

Regarding the choices involved in the definition of Kontsevich's classes, we first observe that the 
bijection agrees with the bijection induced by the sequence of Loo quasi-isomorphisms (I2.3ip : 
indeed, the fact that shortening the sequence (j2.3ip using [19j Lemma 1] does not change the 
correspondence between equivalence classes of Maurer-Cartan elements follows from Lemma iB. 5 1 in 
Appendix [HI On the other hand, as discussed in Section [2T2l the middle Loo quasi-isomorphism in 
the sequence (I2.3ip requires the choice of a Fedosov differential ()2.3p . As shown by the next result, 
this choice does not affect the Kontsevich class of a star product. 

^In the notation of Appendix [Bl 

Def(M) =Tvo{MC{C'+'-{OM)[[h]])), FPoiss(Af) = Tvo{MC{X'+\M)[[h]])). (2.45) 
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Theorem 2.6 The map IC^, in (j2.47p does not depend on the choice of the Fedosov differential. 
The proof of Theorem 12.61 is in Appendix ICl 

Remark 2.7 We note that the constructions in Section [2.21 (and hence the notion of Kontsevich's 
class) are based on Kontsevich's Loo quasi- isomorphism K [46j from ;f+i(M^) to C"+^(C'jjd), which 
is fixed throughout this paper. It is known [l5] that there are other Lqo quasi-isomorphisms from 
A'*"'"^(]R'^) to C*~^^{0^d) which are not homotopy equivalent to K; In fact, Tamarkin's proof \22\ 
HT| [57] of Kontsevich's formality theorem indicates that homotopy equivalence classes of such L^o 
quasi-isomorphisms are acted upon by the Grothendieck-Teichmiiller group introduced by Drinfeld 
in [M]. 

3 The characteristic classes of Morita equivalent star products 

Two unital rings are cahed Morita equivalent if they have equivalent categories of modules |49j . 
We view star-product algebras on a manifold M as unital algebras over the ground ring C[[/i]] 
and consider the problem of describing their Morita equivalence classes. Following [H [6], this 
classification is given by the orbits of a canonical action of Diff (M) x Pic(M) on the space Def (M). 
Here Diff(M) is the group of diffeomorphisms of M, and Pic(M) = H'^{M,'L) is its Picard group, 
i.e., the group of isomorphism classes of complex line bundles over M; Diff(M) >< Pic(M) is the 
semi-direct product group with respect to the action of Diff(M) on Pic(M) by pull-back. We will 
briefly recall how this action is defined, and then give its explicit description in terms of Kontsevich's 
classes. 

3.1 An action of the Picard group on star products 

Given a diffeomorphism (p : M ^ M and a star product *, we obtain a new star product *<^, 

f*^g = {ip'^)*{ip*f *ip*g), 

where f,g £ 0{M), and this induces an action 

Diff(M) X Def(M) ^ Def(M), {ip, [*]) ^ [*<^]. (3.1) 

It is known [30] that every isomorphism between two star-product algebras on M is a composition 
of an equivalence ()2.40p with an element in Diff(M) (viewed as an automorphism of 0{M) via 
pull-back). This gives a simple interpretation of the action (13. ip : the classes of * and *' in Def(M) 
are in the same Diff (M)-orbit if and only if the two star-product algebras are isomorphic. 

The space Def (M) also carries a natural action of Pic(M) Given a complex line bundle L 
M, we view T{M,L) as a right module over 0{M). We denote by End(r(M,L)) = r(M,End(L)) 
the algebra of endomorphisms of this module, noticing that there is a canonical identification 

End(r(M, L)) ^ C'(M). (3.2) 

As shown in [5j, for a given star product * on M, there is a unique way (up to equivalence) of 
deforming this module structure to make T{M, L)[[h]] a right module over the star-product algebra 
{0{M)[[h]], *). For s G r(M, L), / G 0{M) we denote the deformed module structure by 

s • f = sf mod h, 

and write End(r(M, L)[[/i]], •) for the algebra of endomorphisms of this module. One can always 
find an identification of 0(M)[[/i]] with End(r(M, L)[[/i]], •) as C[[/i]] -modules, in such a way that 
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for ^ = one recovers the natural identification (j3.2p . As a consequence, we obtain a star product 
*' on M for which 

{0{M)m], *') - End(r(M, L)mi .) (3.3) 
is an isomorphism of C[[/i]]-algebras deforming (j3.2p . This construction defines an action 

$ : Pic(M) X Def(M) ^ Def(M), (L, [*]) = [*'], (3.4) 

where *' is characterized, up to equivalence, by ()3.3p . 

The actions (13. ip and (13. 4p provide a convenient characterization of Morita equivalence for star 
products [1] : Two star products * and *' on M are Morita equivalent if and only if their classes in 
Def(M) are related by the actions (13. ip and (13. 4[) . i.e., [*'] = $l([*,^]) for some line bundle L and 
diffeomorphism (p. 

It will be useful to describe the action ()3.4p in terms of transition functions. Let us consider 
a star product *, a line bundle L — > M, and a deformed right-module structure • on r(M, L)[[^]] 
over (0(M)[[/i]], *). Let {Ua} be a cover of M by contractible open subsets. We can define 
local 0(f/Q,)-linear trivialization isomorphisms tpa '■ T{Ua,L) 0{Ua) and transition functions 
gaf3 G 0{Ua n Ufs) such that Va(V'^^)(/)(2;) = ga/3{x)f{x), which satisfy = g^a and, on triple 
intersections, the cocycle condition 

5/37 = 1- 

As shown in [7|, one can always find -linear dcformeci trivialization isomorphisms — 

V'a mod h : T{Ua,L)[[h]] 0{Ua)[[h]] satisfying 

and define deformed transition functions Gaf3 = gap + mod h ^ ©(f/^ n [/a)[[?i]] such that 
Since 1 is the unit for * (see (|2.39p ). it is clear that 

Gaa = 1, Gal3 * G = 1, Ga^ * GjSj * G^a = 1- (3.5) 

Let us consider a C[[?i]]-algebra isomorphism 

T : {0{M)m],*') ^ End(r(M,L) [[;.]],.), 

coinciding with (j3.2p at the classical limit h = 0. The isomorphism T is totally determined by a 
collection of local equivalences Ta : (0(f/Q)[[/i]], *') — > (0(C/a)[[/i]], *) satisfying 

TaOT^Hf)=Ga(i*f*Gpa, (3.6) 

for / € 0{Uci^Up). One recovers T from the collection {T^} by 

T{f){s) = ^-\T^{f)*^a{s)), seT{Ua,L). (3.7) 



Proposition 3.1 Let * and *' be star products on M . The following are equivalent: 

(i) The star products * and *' are related by ()3.4p . i.e., there exists a line bundle L ^ M for 
which = [*']; 
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(ii) There exists an open cover {17^} of M , with trivialization maps ipa o-nd transition functions 
9af3 for L M, as well as deformed transition functions Ga/3 = gap rnod h € 0(C/Q,nC/g)[[^]] 
satisfying the cocycle conditions (|3.5p and a collection of equivalences : {0{Ua)[[h]], *') — >• 
(C?(C/q,)[[^]], *) for which the compatibility (j3.6p holds. 

Proof. The implication (i) =^ (ii) was already discussed. We explain how (ii) implies {i). We 
first show that we can find local deformed trivializations = i^a niod h such that 

^a^/{f)=Gaf,*f (3.8) 

for all / € 0{Ua H C^/3)[[^]]. We know from that we can find deformed trivializations = 
ipa mod h] let us define by * / = ^'^(^Jj)"^/). We now modify "^'^ to obtain ^'^ 
satisfying p.Sh . Let {Xa} be a partition of unity on M subordinated to {Uq}- Consider 

7 

viewed as an element in C'(f/Q,)[[/i]] (note that each summand has a natural extension from 0{Ua H 
?7^)[[^]] to C'(C/a)[[/i]]). Note also that Sa is invertible with respect to *, since 5^ = 1 mod h. 
Finally note that, using the cocycle conditions for and Gq/3, we have 

Sa * Gaf3 = G^^ * X-y * G^ya * Ga/3 = G'^p * O'f^^ * X7 * G^p = G'^p * Sf^. 

7 7 

In other words, Gaf3 = S^^ * G'^^ * S/j. Let us now define "^a by *I'o(s) = S^^ * ^^(s)- Then 

^a^-^\f) = *G'^f,*Sp*f = Gap * f, 

as desired. We now use the local equivalences Tq, and to define an isomorphism T : (0{M), *') — 
End(r(M,L)[[;i]],.) via □ 

3.2 An action of closed 2-forms on formal Poisson structures 

The description of how formal Poisson structures are acted upon by closed 2-forms is a simple 
adaptation of the discussion of gauge transformations in [551 Sec. 3]; in the context of generalized 
complex geometry, the same operation appears under the name of B- field transform, see e.g. [39 1 
Sec. 3]. We start by recalling standard facts and alternative views of formal Poisson structures. 
Given a formal bivector field vr = Y.T=i ^^'^k G hX'^{M)[[h]], we consider the C-bilinear brackets 

{•, ■}k : 0{M) X 0{M) ^ 0(M), {/, g}k = ^k{df, dg), 

and the induced C[[;i]]-bilinear bracket j-,-}^ : 0{M)[[h]] x 0{M)[[h]] 0{M)[[h]], uniquely 
determined by 

oo 

{f,g}^ = 7T{df,dg) =^h'{f,g}k, f,ge 0{M). (3.9) 

k=l 

Let Jac^ : 0{M)[[h]] x 0{M)[[h]] x 0{M)[[h]] 0{M)[[h]] be given by 

Jac^(/,g,/i) = {f,{g,h}^}^ + {h,{f,g}^}^ + {g,{h,f}^}^. (3.10) 
We also consider the C'(M)[[^]]-linear map 

oo 

J : n\M)m] - hX\M)m], J{0 =Y^h'^nl{0, (3.11) 

k=l 
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where 7r^(0 = i^T^k for ^ € i}^{M), and its unique extension (as an algebra homomorphism) 

J : n'{M)[[h]] hX'{M)[[h]]. (3.12) 



Proposition 3.2 Let vr G hX'^{M)[[h]] and = [n, -jsN- Then 

^[iT,'!T]sN{df,dg,dh) = Jac^{f,g,h) = dl{f){dg,dh), (3.13) 

for f,g,heO{M)m]. 

Proof. It suffices to verify (l3l^ for f,g,h G 0{M). Given bivector fields 7rfc,7r; G ;f2(M), let 
Jacfc,i : 0{M) x 0(M) x 0{M) 0{M) be defined by 

Jacfc,i(/, 5, /i) = {/, {g, h}k}i + {/i, {/, g}k}i + {g, {h, f}k}i. 

The Schouten bracket satisfies (see e.g. [23] ) 

[■^k,T^i]sN{df,dg,dh) = Jack,i{f, g, h) + Jaci^kif, 9, h). 

As a result, the n*^-order term in h of ^[ir , TT]{df , dg , dh) is 

n-l 

^ Jaci,„_j(/,5r,/i), (3.14) 
1=1 

which agrees with the n^'^-order term in h of {/, {^f, h}} + {h, {/, g}} + {(7, {h, /}}, proving the first 
equality in (j3.13p . For the second equality, recall that the Schouten bracket satisfies 

[tt;, f]sN = -T^lidf), [tti, X]sn = -CxT^u (3.15) 

for / G 0{M), X G Af^(M). A direct computation shows that 

kfc, [T^i,f]sN]sN{dg,dh) = {f,{g,h}k}i + {h,{f,g}i}k + {g,{h,f}i}k, 

and, as a consequence, the n*'*-order term in h of d'^{f ){dg, dh) coincides with (|3.13p . □ 

Corollary 3.3 // [vr, 'it]sn = 0, then the map vr" in (j3.12p satisfies vr" o d = — o ttK 

Proof. It suffices to verify that tt" o d = —5^ o vr^ holds on elements / and df , for / G 0{M). The 
fact that T:^{df) = —d-n-f directly follows from the first equation in (13.15p . On the other hand, since 
[tt, Tr]sN = 0, we have 

-d^{7r\df)) = d^iiir J]sn) = dlif) = 0, 

which agrees with 7r'^{d'^f) = 0. □ 
To describe the action by closed 2-forms, it is convenient to have an alternative viewpoint to 
formal Poisson structures, in the spirit of Dirac geometry [Hj. We consider the bundle 

E := TM®T*M, 

equipped with the symmetric 0(M)-bilinear pairing (•, •) : T{M,E) x T{M,E) 0{M), 

((X,C),(r,r?))=r/(X)+C(y), (3.16) 
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and the C-bihnear bracket |-,-| : r{M,E) x r(M,^) r{M,E), 

l{X,0,{y,v)i={[X,Y],£xV-iYdO, (3.17) 

known as the Courant bracket. Here X,Y £ Af^(M) and £,,ri G 0,^{M). Using ?i-linearity, we extend 
these operations to 

(•,•) : riM,E)m] X T{M,E)m] - 0{M)m], 

(3.18) 

h-l : riM,E)m] X T{M,E)m] ^ riM,E)m]. 
The following is a straightforward observation. 

Lemma 3.4 ^ 0{M)[[h]]-linear map T : i7i(M)[[?i]] X'^{M)[[h]] is of the form for a formal 
bivector field it € r^^(M)[[/i]] if and only if 

We can characterize formal Poisson structures using (|3.18p as follows. 
Lemma 3.5 Given a formal bivector field vr € /i.^%'^(M)[[/i-]], we have 

JacM,9,h) = {li7THdf),df),{7T^idg),dg)l{Jidh),dh)), (3.19) 
for all f,g,h(£ 0{M)[[h]]. 

Proof. It suffices to verify the lemma for f,g,h £ 0(M). It is clear from ()3.9p that C^^^j-^g = 
{f,g}TT, and it immediately follows from the definitions ()3.16p and ()3.17p (extended to formal power 
series) that the right-hand side of (13.191) is 

dh{[J{df),J{dg)]) + diC^»,^af)9)i'^Hdh)) = (^C^^af)^n»{dg) - ^n»{d9)^7r»{df)) ^ + C^^dh)^n»{df)9, 

which is Jac7r(/, g,h). □ 
Given any B = Bo + hBi + • • • G ri^(M)[[/i]], there is an associated automorphism of C'(M)[[^]]- 
modules given by 

XB:r{M,E)m]^T{M,E)[[n]], Xb{X,0 = {X,^ + ixB). (3.20) 
The following properties of are proven analogously as e.g. in [39]. 

Lemma 3.6 The following holds: 

1. {Xb{X, 0, Xb{Y, r/)) = {{X, 0, {Y, r/)) for all {X, 0, {Y, v) € T{M, E)m]. 

2. IXb{X,0,Xb{Y,v)} = XB{l{X,0,(Y,i^)j) for all {X,0,{Y,v) G r{M,E)m] if and only if 
dB = 0. 

Let us consider the 0(M)[[/i]] -linear map 

B^ : X^{M)[[h]] VL^{M)[[h]l B\X) = ixB, 
associated with B G 0^(M)[[^]]. For any formal bivector field vr G /iA'^(M)[[fi]], the operator 

id + bK^ : n\M)[[h]] n\M)[[h]] 

is necessarily invertible; its inverse is given by 



. oo 

(id + i?M)" = ^^(-1)- (sV 



n=0 

which gives a well-defined formal series in h since vr = mod h. 
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Proposition 3.7 Let vr G hX'^{M)[[h]] and B G Vl^{M)[[K\]. Then: 

1. There exists a unique a(B,7r) G hX'^{M)[[h]] such that o(S,7r)tt = vr^ o (id + BV)"^ 

2. If dB = and [vr, ttJstv = 0, then [a{B, vr), a(i?, vr)]siv = 0. 

Proof. Let T = vr" o (id + B^tt'^)-'^ and set = (id + BKi)-^{e,), for ^ G Jli(M). Then 

= (vr«(0,r + M{C')^) = AB(vr«(0,e')- 

Lemma 13.61 implies that 

((T(e),0,(T(r/),r?)) = ((^»(0, 0, (vr«(V), V)) = 0, 



so the first statement fohows from Lemma 13.41 If dB = 0, we can use Lemmas 13.51 and 13.61 to 
conclude that JaCj^^f, g, h) = ^a^Ca[B,-K){f^9-,^) foi^ f,g,h G 0{M). The second statement easily 
follows from Prop. 13. 2[ □ 
Since Xb+b' = Xb{Xb'), an immediate consequence of Prop. [3171 is that the operation 

vr 1-^ a{B, vr), 

for vr G hX^{M)[[h]] and B G n^{M)[[h]], defines an action of the abelian group of closed formal 
2-forms r2^;(M)[[^]] on formal Poisson structures. We will now see that this action descends to an 
action of H"^ {M , C)[[h]] on the set FPoiss(M). For that, it will be convenient to view o(-B,7r) as a 
solution of a formal differential equation. 

Let us consider the space /i(A'*(M)[t])[[/i]] of formal power series in h with coefficients being 
polynomials in t. An element vr^ G h{X'^{M)[t])[[h]] defines, as in (f3T2]) . a map vr^' : Q'{M)[[h]] 

Lemma 3.8 Given a formal bivector field vr G /iAf^(M)[[/i]] and a 2-form B G i7^(M)[[/i]], then 
TTt = a(ti?,vr) G ?i(^%'^(M)[t])[[/i]] is the unique solution to the formal differential equation 



d_ 
It 



— vri = vr?(S), vri 



In particular, a{B,7r) = vrt|t=i, where vr^ is the unique solution to (|3.2ip . 

Proof. The fact that (|3.2ip admits a unique solution follows from Prop. [ATTl in Appendix [Al Note 
that vrt is a solution to ()3.2ip if and only if vr^ satisfies 

^ i tt dB tt 

— vr? = — vr? o o vr?, 
dt ^ * * 



with initial condition vr^ 



= vr". A direct computation shows that 

t=o 



— vr«(id + tBh^)-^ = -vr»(id + tBh^y^BhHid + tBh^)''^, 
dt 

so the result follows. □ 
Let vr G hPs!'^ {M)[[h]] be a formal Poisson structure, let X{t) G h{X'^{M)[t])[[h]], and consider 
the equation 

^TT{t) = [7Tit),X{t)]sN, vr(0)=vr (3.22) 
at 

in fi(>^^(M)[t])[[/i]]. The following result is proven (in more generality) in Section IB. 31 of Ap- 
pendix [Bl 
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Lemma 3.9 If nit) G h{X'^ {M)[t])[[h]] is the solution to ([3:22]) . themT{l) satisfies [7r(l), 7r(l)]57v = 
0, andn and Tr{l) are equivalent formal Poisson structures (i.e., they lie in the same orbit of ()2.44p ). 

We can now prove the main result of this section. 

Proposition 3.10 The action of closed 2-forms r2^j(M)[[/i]] on the space of formal Poisson struc- 
tures, {B,tt) I— > a(i?,7r), descends to an action 

H'^{M,C)M] X FPoiss(M) ^ FPoiss(M), {[B], [vr]) ^ [B] ■ [vr] := [o(S,7r)], (3.23) 

on the set of equivalence classes of formal Poisson structures. 

Proof. Let us first show that for cohomologous 2-forms B,B' £ il.ci{M)[[h]], the formal Poisson 
structures a(i?,7r) and a{B',TT) are equivalent. It suffices to show that if B = dS, is exact, then 
a{B,-ir) is equivalent to vr. 

Suppose that ^ G n^{M)[[h]], and let B = d^. We know that a{tB, tt) is a path of formal Poisson 
structures connecting a{B,'ir) and tt, and that it satisfies (|3.2ip . By Corollary 13. 3[ 

a{tB,7r)\dO = -[a{tB,7T),a{tB,7r)^{0]sN. 
So, in this case, equation ()3.2ip can be rewritten as 

^ aitB, tt) = - [a{tB, tt), a{tB, 7r)^{0]sN. 

Now Lemma 13.91 implies that vr and a{B,7r) are equivalent. 

Next, we should prove that if i? G r2^;(M)[[^]] and the Poisson structures tt and vf are equivalent, 
then so are the formal Poisson structures a{B,7r) and o(i?,7r). Let us assume that 

= exp([-,X]5iv)vr, (3.24) 

for X G /i.^%'-'^(M)[[^]]. Since vr^ = a{tB,TT) is the solution to (|3.2ip . exp{[-, X]sN)'^t satisfies the 
differential equation 

expil, X]sN)n = exp{[;X]sN)^nt = (exp([-, X]5Jv)^t)Hexp(-£x) B). (3.25) 
at at 

This equation implies that 

a{exp{-Cx) B, vf) = exp{[, X]sN)a{B, vr). 

On the other hand, the 2-form exp(—Cx)B is always cohomologous to B, as a consequence of the 
Cartan-Weil formula for the Lie derivative, 

eM-^x)B = j^i-dixfB = B - d (Yl ]^}x{-dixf-'B . 

k=0 ' \k=l ' J 

Hence a{exp{Cx)B ,7f) is equivalent to both a{B,Tr) and a(i?,7r). This concludes the proof of the 
proposition. □ 
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3.3 Kontsevich's classes of Morita equivalent star products 

As discussed in Section [3. H the groups Diff(M) and Pic(M) naturally act on the space Def(M) of 
equivalence classes of star products on a manifold M, and their orbits characterize Morita equivalent 
star products. We now describe the corresponding actions on the moduli space of formal Poisson 
structure FPoiss(M), making the bijection 

/C* : FPoiss(M) ^ Def(M) 

equivariant. In other words, we will describe the equivalence relation in FPoiss(M) which is quan- 
tized to Morita equivalence under the Kontsevich map /C*. 

The group Diff (M) acts on formal Poisson structures in a natural way by push-forward, 

and it descends to an action of Diff(M) on FPoiss(M). As a result of [18\ Thm. 1], the map /C* 
respects this action, i.e.. 

So we focus on the description of the action <I> of Pic(M) on Def (M) (j3.4p in terms of Kontsevich's 
classes, which is given by the next result. 

Theorem 3.11 Let L be a line bundle over M representing an element in Pic(M), and suppose 
that [*] = /C*([7r]). The action ^> : Pic(M) x Def(M) Def(M) satisfies 

^L{[*]) = lCMB,7r)]) (3.26) 

where B G J7^(M) is a curvature 2- form of L (i.e., B represents 27rici{L), where ci(L) is the Chern 
class of L). 

This result extends the semi-classical description of $ in [4] and, as we will see in Section [4l 
agrees with [7] in the case of symplectic star products. 

Before moving to the proof, we need an auxiliary technical statement. Let us consider an open 
subset [/ C M for which 



B 



= d9, e^n^u). 

u 



Due to Corollary 13.31 the restriction of vr^ = a{tB,TT) to U is the unique solution to 

4:'^t = ['^t,v*]sN, n = vr, (3.27) 
dt t=o 

where = —irl{6) S /i(^^(C/)[t])[[/i]]. We use the formality /C to quantize to a series of differential 
operators G h{C'^ {Ou)[t])[[h]] given by 

oo ^ 

V = y -}Cn+l(.TTt,...,7Tt,v'). (3.28) 

n=0 

Let us define the family of transformations T* : C'([/)[[fi]] 0{U)[[h]] as the solution to the 
differential equation (see Proposition lA.ll in Appendix IXj) 

^T\f)=T\V\f)), T'\^^^ = id. (3.29) 

It is not hard to see that 

T* Gid + h{C\Ou)[t])m] 

and, in particular, 

T* = id. (3.30) 
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Lemma 3.12 Let * and *t be the Kontsevich star products associated with vr and vr^, as in ()2.46p . 

If r* is the solution of the initial value problem h3. 29\) then T* is an equivalence between the star- 
product algebras {0{U)[[h]],*t) and {0{U)[[h]],*), i.e., T* = id mod h and 

T\fH9)=T\f)*T\g), for all 

Proof. By definition, f *tg = fg + nt{f,g), where 

oo ^ 

lit = — /C„(7rt,7rt, . . . ,7rf). (3.31) 

n=l 

Using (I3.27p . we have 

t CO 

-n^t = -l^n+iiTTt, ...,7rt, [nt,v']sN) = d^^'^V'), (3.32) 



dt ' 

n=0 

where the last equahty follows from the identity ()B.2ip in Appendix[Bl here d^°'^^ is the Hochschild 
coboundary operator corresponding to *f It follows from (13.321) that, for all f,g (z 0{U)[[h]], we 
have 

|(/ ** 9) = dfr\V')if,9) = V\f) *t9 + f*t V\g) - V\f *t g). (3.33) 
Combining this equation with (j3.29p . we get 

I T\f H 9) = T\V\f) n 9) + T\f n V\g)). (3.34) 
Therefore the cochain G {C^{Ou)[t])[[h]], 

D\f, g) = T\f H g) - T\f) * T\g), (3.35) 
satisfies the following differential equation: 

j^D^ = D\V^ id + id F*). 

Taking into account the initial condition D*|t=o = we deduce that D* is identically zero. This 
completes the proof of the lemma. □ 



Proof of Theorem 13.111 Let * be a Kontsevich star product on M associated with the formal 
Poisson structure vr. We consider a complex line bundle L M equipped with a connection V^, 
and let B G Q'^{M) be the curvature of V'^. We denote by *t the Kontsevich star product of 
TTt = a{tB,'ir). We must show that 

= [*i], 

and for that we will use the local criterium proved in Proposition 13.11 

Let us consider a cover {Ua} of M by contractible open subsets with contractible intersections 
Ua n Up. We fix a set of local trivializations of L, defining transition functions ga/3 G 0{Ua n Ujs). 
Then is described by a collection of connection 1-forms 9a G Q^{Ua), satisfying 

(^(3 - = 9~pdgai3, d9a = B\u^. (3.36) 

By Lemma 13.12^ we know that over each Ua there is an equivalence 

Ti{f*tg) = Ti{f)*Ti{g) 
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for f,g G 0{Ua)[[fi]]. By (j3.36p . the difference between the local vector fields = — 7rj(0Q,) and 
v^^ = — 7rJ(0^) is hamiltonian: 

vi-Vp = 7rf(dlog(ff„/3)) = - [TTt,log{gai3)]sN- 

Note that log((7a/3) is well-defined since Ua H f/g is contractible. It follows that the corresponding 
operators (|3.28p satisfy 

oo ^ 

^a-^P = -J2 — ^n+l(vrt, ...,TTt, [iTt, log{gai3)]sN)- 
n=0 

By ()B.2ip . we can write 

- V'p = -d^^'^^Kpit) = ad,, {Kp{t)), (3.37) 

where 8^°'^^ denotes the Hochschild coboundary operator ()1.4p of *j, ad*j(/)((7) := f *t g — g *t f , 
and 

oo 



haisit) = ^ ^/C„+i(7rj, . . . ,7ri,log(ff„/3))- (3.38) 

r! 

We will be interested in the operators 



n! 

n=0 



Ti rrit I 

Q — -'^ a |t=l ; 

which are local equivalences between *i and *. According to Proposition l3.1l to prove the theorem it 
suffices to define deformed transition functions Gap = gap mod h, satisfying the cocycle conditions 
(j3.5p as well as 

Ta{Tp)~\f) = Gap*f*G-l for all / G ©([/^ n ?7^)[[/i]]. (3.39) 

We will do that by constructing a family of functions Gap (t) that will satisfy the desired properties 
for t = 1. 

Claim 3.13 The operator T)^(TJg)~^ is a self- equivalence of * satisfying 
d 



fTi{Tl)-^ = ^d,{Tihap)Ti{Tl)-\ r*(r^)-i|t=o = id. 



Proof. It is clear that Ta{Tp) ^ = id mod /i, that it is an automorphism of {0{Ua n *), 
and that it equals id when t = 0. Since satisfies (j3.29p . differentiating the identity T^(T^)~^ = id 
implies that 

|(r*)-i = -yi(r*)-\ 

Using (I3.37p . we obtain 
d 



dt 



r*(r*)-i = r*yi(r*)-i - Tiv^irj,)-^ = r*(ad,,(V))(r*)-i. 



Since is an algebra homomorphism from (0(C/a)[[^]]5 *t) to (0(C/q)[[/i]], *), we have the identity 
r^ad=Kj(a) = ad=K (T^a)T^, from which the claim follows. V 
Using Prop. IA.4I in Appendix [Aj we can define the family of functions Gap{t) as the unique 
solution to the differential equation 

jGap{t) = {Tihapit)) * Gap{t), Gap{G) = 1. (3.40) 
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The solution of (j3.40p is *-invertible, and its *-inverse satisfies 

J^iGa^it))-' = * (T* (3.41) 

From (jS.SSp . we see that hapif) = Cq,^ mod /i, where c^p = ^og{gap). When = 0, the differential 
equation (|3.4U|) becomes 

where 

Hence G^^p{t) = e*'^"'' and, in particular 

Gap{l) = gap mod h. (3.42) 

Claim 3.14 If G a/sit) is a solution to (j3.40p then 

Ti{Tj,)-\f) = G^p{t)*f*G~l{t) for all / G 0(C/« n [/^)[[n]]. (3.43) 
Proof. Let Ad=K(GQ,^(t)) be the conjugation operator with respect to *, 

Ad.(G«^(t))(/) = Go,p{t) * / * Ga.p{tr\ 
ior f ^0{Uar\Up)[[h]]. Then from (lOOll and (l3:iTI) we see that 

^Ad,(G«^(t))(a) = {TiKp{t)) * G^fs{t) * / * G«^(t)-i - G^p{t) * / * {Go,p{t)y^ * {TiKp{t)) 
= ad4TiKf3{t))Ad4Gap{t)){f) 

Since Ad*(Ga/3(t))|t=o = id, we conclude from Claim [3T3] that r*(r|)-^ = Ad^{Gap{t)). V 
The next claim implies that the functions 

Gal3 '■= Ga/3(1) 

satisfy the desired cocycle conditions. 

Claim 3.15 The following identities hold: G^a = 1; Ga/3 * Gpa = 1; G^p * Gp^ * G^a = 1- 
Proof. Since h^ait) = 0, it is clear from (j3.40p that G^a = 1- For the second identity, we have 

j^{Go.p{t)*Gp^{t)) = {Tihap{t))*Gap{t)*Gpa{t) + 

G^p{t)*{Tlhp^{t))*Gp^{t) 
= {Tihapit)) * Go^pit) * Gpa{t) + 

Gap{t) * Gp^{t) * (Tikp^it)) * G^lit) * Gp^it) 
= ad,{Tih^p{t)){G^p{t) * Gpait)), 

where we have used (I3.40|) . ()3.43p and hap{t) = —hpa{t). Note that Gap{t) * Gpa{t) = 1 is the 
unique solution with initial condition Gap{0) * Gpa{0) = 1. 
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We proceed similarly to prove that Gap * G/37 * G^o = 1- Using (j3.40p and p.43p . we obtain: 

jGap{t)*Gp^{t)*G^a{t) = {Tihaf3{t))*Gaf3{t)*Gp^{t)*G^a{t) (3.44) 

+Gap{t) * (TjV(t)) * Gp^it) * G^a{t) 
+Gap{t) * Gp^{t) * {T%a{t)) * G^a{t) 

= (Tihapit)) * Gaf3{t) * Gf3^{t) * G^a{t) 

+Gap{t) * G-^(t) * (Tihp^it)) * Gap{t) * Gp^{t) * G^a{t) 
+Gap{t) * Gp^{t) * G'^lit) * mh^a{t)) * G^7(t) * G^a{t) 

= {Tihaf3{t)) * Gaf3{t) * G^j^l*) * G^aC^) 

+iTihf3^{t)) * G„;3(t) * G^7(*) * G^»{t) 

+ {Tih^a{t)) * Gap{t) * Gf3^{t) * G^a{t) 
= {Ti {hap{t) + + h^a{t))) * Gap{t) * Gf}^{t) * G^a{t) 

Using Proposition 12.31 we see that 

oo ^ 

hap{t) + hp^{t) + /l7Q,(t) = ^ — r/Cn+l (TTt, . . . , TTj , Cq/J + C/37 + C-ya) = Cafj + C/J^ + C^q, 

n=0 

where = log{gai3)- Since gapgp'yO'ya = !> we have that c^/? + cp^ + c^a = '^'^in-ap-y, for ria/j^ € Z 
(note that riapy is the Cech cocycle in H'^{M, Z,) representing the line bundle L). Hence the unique 
solution of (j3.44p with initial condition 1 is 

Gap{t) * Gp^it) * G^ait) = e2™'^'3.t. (3.45) 

In particular, for t = 1 we have Gap * Gp^ * G^a = 1- V 
This finishes the proof of Theorem 13. Ill □ 



4 Fedosov's classes versus Kontsevich's classes 

In this section we focus on formal Poisson structures vr = Htti + Ji?it2 + ... on a manifold M for 
which the leading term vri G X'^{M) is a nondegenerate bivector field, i.e., we assume that the 
associated vector-bundle map vrj : T*M — > TM, '7t^{^) = i^v, is an isomorphism. In this case, vri 
corresponds to a symplectic form lo-i G i7^(M), uniquely defined by 

and the Kontsevich star product ()2.46p defines a deformation quantization of the symplectic man- 
ifold (M,cu_i). 

The fact that vri is nondegenerate implies, more generally, that the 0(M)[[/i]] -linear map tt^ : 
0"'^(M)[[/i]] — > ^A'-'^(M)[[/i]] (see p. lip ) is an isomorphism, and its inverse uniquely defines a formal 
series of 2-forms ^ 

OJ = -^^-i +1^0 + ^1 + ^^"^2 -\ • (4.1) 

The integrability condition [vr, vr]^^ = is equivalent to duj = 0, V j = —1,0, 1, . . .. This gives us a 
1-1 correspondence between formal Poisson structures vr = hni + . . . for which tti is nondegenerate 
and series of closed 2-forms lo as in (|4.ip for which uj^i is symplectic (cf. [401 Sec. 3]). Furthermore, 
under this correspondence, the action of the group (|2.43p boils down to the action 

to 1-^ uj + de, 
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where e = + + • • • G ^^(-^)[[^]] is an arbitrary formal power series of 1-forms. In particular, 
for a fixed nondegenerate Poisson structure vri, the set of equivalence classes [vr] G FPoiss(M) such 
that vr = hTTi + ... is in bijective correspondence with H'^{M, C)[[h]] (cf. ^40^ Prop. 13]). 

On the other hand, Fedosov's construction [27] leads to a parametrization of the set of equiv- 
alence classes of star products on a given symplectic manifold (M, lu) by elements X^j^o i'-^jl ^ 
H^{M, C)[[h]] (see e.g. P [El [50] ) ; the elements + ^°^o [ujj] are known as Fedosov classes. 

Theorem 4.1 Let vr = Htti + /i^7r2 + . . . be a formal Poisson structure such that tti is a nondegen- 
erate bivector field, and let oj be the associated formal series of closed 2-forms as in ()4.ip . Then 
the Fedosov class of the Kontsevich star product 1^2.46^ of tt is represented by uj. 

It directly follows from this result that the description of Morita equivalent star products in 
terms of Kontsevich's classes of Theorem 13.111 reduces . in the symplectic case, to the description of 
[71 Theorem 3.1] in terms of Fedosov's classes. 

The plan of the proof is depicted on the following diagram: 

Kontsevich's modified Fedosov's original Fedosov's , , 

_ = (4.2 ) 

star product *k star product * star product *f 

This diagram will be turned into a proof of Theorem 14.11 in this section. In Subsection 14.11 we 
construct the modified Fedosov's star product S. The difference between the constructions of * 
and the original Fedosov's star product is that for * we use the fiberwise multiplication (j4.3p . 
which involves the whole series vr, whereas to construct *f we use only the first term Htti. In Sub- 
section 14.21 we introduce a version of the Emmrich-Weinstein differential. Using this differential in 
Subsection [131 we show that Kontsevich's star product *k (I2.46P is equivalent to *. Finally, in Sub- 
section [331 we prove that * coincides with the original Fedosov's star product *f whose equivalence 
class is represented by a; (j4.ip . In following these steps, it will be important to recall (see Subsec- 
tion [231) that the bijective correspondence between equivalence classes of Maurer-Cartan elements 
induced from the direct L^o quasi-isomorphism /C (j2.32p and the sequence of quasi-isomorphisms 
in ()2.3ip coincide and are independent of the choice of the connection/Fedosov's differential. 

4.1 The modified Fedosov construction 

In this subsection we consider a modification of Fedosov's construction based on the following 
associative product on the sheaf 5M[[/i]] of OM[[^]]-modules: 

/ ■■ 'd \ 

aioa2 = aiexp I 7r*^(x)^^ I aa, (4.3) 

where vr = hni + ... is a formal Poisson structure (in particular, the coefficients vr*-' are series in h) 
and vri is nondegenerate. Recall that the sheaf 5M[[?i]] is equipped with the descending filtration 
of Remark 12.51 a-^d one can check that the product (j4.3p is compatible with this filtration. We may 
view the product (|4.3p as a quantization of the fiberwise Poisson structure 

Since vri is a non-degenerate Poisson bivector field, there exists a torsion-free connection form 

dx^iTnTjkix) = dx^Tii^ix) + dx^h{Ti)ii^{x) + dx^ h\T2yjk{x) + ■■■ , 
satisfying the compatibility condition 

V{ai,02}7rflb = {Vai,a2},rflb + {ai, Va2}7rflb> (4-5) 
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where 

V = dx^A_d^^(r4.(:,V^, (4.6) 
and, for ai,a2 local sections of 5M[[7i]], 

{a„a2W=-^^(x)^^ (4.7) 

is the fiberwise Poisson bracket on 5M[[/i]] coming from the fiberwise Poisson structure vTfib. Note 
that (j4.5p implies that the connection V is also compatible with the product (j4.3p . i.e., 



V(ai o a2) = (Vai) o 02 + ai o (Va2). (4.8) 
In general, the connection V is not flat. In fact, 



where 



R=Ux'dx^R,jki{x)y''y\ (4.9) 

Rij ki{x) = huJkm{x)Rij"l{x) , and R-j"l{x) are the components (possibly depending on h) of the 
curvature tensor. Even though R is not vanishing in general, we can modify V to the following flat 
connection: 

D^ = V-6 + ^[r,.h, (4.10) 
where r is an element of Q^{M,J^^SM[[h]]) obtained by iterating the equation 

r = S~^R + 5'^(^r+^[r,r]^^. (4.11) 

It can be shown that by iterating ()4.1ip we get an element r G n^{M,J^^SM[[h]]) satisfying 

R + Vr-5r + ^[r,r]^ = 0, (4.12) 

and this equation implies that (-D^)^ = 0. Notice that the derivation 6 (j2.5p of the algebra 
0*(M, 4SM[[/i]]) is inner. More precisely, 

6=[dx'L0ijix,h)y^,-h. (4.13) 
As a consequence, the differential ()4.10p can be rewritten as 

= V + i[6,-]o, (4.14) 

where 

h = r - hdx''uJij{x, h)y^ . (4.15) 
It follows from (j4.12p that the element b satisfies 

As already used in Section [21 we have the obvious map 

a ■.T{M,SM)[[h]]r\\ieTD^ — > 0{M)[[h]], a{c) = c , (4.17) 
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from the C[[;i]]-module of D^-Rat sections of SM[[h]] to the C[[^]] -module 0{M)[[h]]. The map 
(j4.17p turns out to be an isomorphism, and the inverse map 

f : 0{M)[[h]] — > r{M,SM)[[h]]n'keiDj^. (4.18) 

is defined by the following iterative procedure: 

= / + S-\Vf{f) + [r, f (4.19) 

where / E C(M)[[^]] and the iteration in (14.190 goes with respect to the filtration ()2.37p . 
Using the isomorphism (j4.18p . we obtain the modified Fedosov star product *: 

/ii/2 = a(f(/i)of(/2)), (4.20) 

where /i, /2 G C'(M)[[?i]]. In Subsection l4.4l we will show that * coincides with the original Fedosov's 
star product whose equivalence class is represented by a; (j4.ip . 

4.2 The Emmrich-Weinstein differential 

The compatibility between the "deformed" connection V (|4.6p and the fiberwise Poisson bracket 
{■) 'iTrflb (14. 7p allows us to construct the Emmrich-Weinstein differential [25] 

1 



D^^ = V-5+-{r^^,-U,, (4.21) 



where r'^^ is the element of Q,^{M, J^^SM[[h]]) obtained by iterating the equation 

r'^i = 6-'R + 5-' (vr^^ + l.{r'^\r'^%^^^ , (4.22) 

where R is defined in ([Ol) . By iterating (jT22]) . we obtain an element r""' G Q'^{M,T^SM[[h]\) 
satisfying the equation 



R + Vr^' - (^r=' + T^jr'^', r^'l^j.^ = 0, (4.23) 



1 

and this equation implies that (D^^)^ = 0. Similarly to equation ()4.13p . we have 



5 = {dx''uJij{x,h)y\-} 

Therefore we can rewrite (|4.2ip as 

1 

h 

where 



^^'^ = V + -{6^^•U,, (4.24) 



b"' = -hdx'uJijix, h)y^ + r^'. (4.25) 
Equation ()4.23p implies that 

We remark that the differential (j4.2ip differs from the original one introduced by Emmrich 
and Weinstein in [25^ Sect. 8]. The fiberwise Poisson bracket considered in [25] does not involve 
h, whereas vrfib (j4.4p is a series in h . So, even though the recursion for r'^^ looks "classical" , the 
element r*^' does contain higher orders of ^ . In particular, r'^^ is not just obtained by setting h = 
in the element r (j4.1ip . However we have the following: 
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rk - r, 



= Qf:[rk-i,rk-i]<> - ^[^-fc-i, mod h^. 

On the other hand, 

1 1 

^[rk-i,rk-i]o - ^[rk-i,rt-i]o 

= -^[rk-urk-ih - ^[rk^i,rk-i]<> + ^[rk-urlLih - ^[r^'_i, r^'_i]o 
= ^[^fc-i' (^fe-i - ''k-i)h + ^[(^fc-i - rt-i),rti]c = mod h\ 
Therefore Equation ()4.30p holds for all k and the proof is concluded. 



(4.28) 



Proposition 4.2 Let r and r'^^ be the elements of Q^{M, T^SM[[h]]) defined by iterating equations 
([JTTp and ^.20^ , respectively. Then 

r-r''^ = mod (4.27) 

Proof. Let (resp. r'^) be the approximation of r (resp. r'^') which we obtain on the fc-th step of 
the iterative procedure ()4.1ip (resp. (j4.22p ). Namely, tq = r^ = 6^^R and is related to rk-i via 
the equation 

rk = S~^R + (vrk-i + ^[r^-i, rfc_i]o^ , 
while r^' is related to r^' -,^ via the equation 

= 5-'R + 5-' (Vrti + ^{r^i, ^-f-i w) • (4-29) 
Let us show by induction that 

rfc -rf = mod h^ (4.30) 
for all k. For k = 0, this is obvious. To perform the inductive step, we observe that 

[ai, a2]d - {ai, a2}7rflb = mod (4.31) 
for all ai,a2 G r(M, 5M)[[/i]]. This observation and the inductive hypothesis imply that 



□ 



4.3 The Kontsevich star product *k is equivalent to * 

bmce the differential D^"^ (fOT]) has the fornix dO]) . we may use it to construct the Kontsevich 
star product as in [20] . The class of the star product does not depend on this particular choice of 
differential due to Theorem 12. 6i In particular, we denote by the corresponding map (j2.22p . 

We will use the sequence of quasi-isomorphisms (|2.3ip with D = to the obtain the 

Kontsevich star product *x corresponding to vr. Going through details of this construction, we will 
produce an equivalence transformation between *k and * (|4.20p . 

Let us consider the (fiberwise) Poisson-Lichnerowicz differential on 0,*(M,T'^iy)[[h]], 

dntii, = [■^fih,-]sN, (4.32) 

"See Remark [Ol 
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corresponding to the fiberwise Poisson structure vrfib ()4.4p . We can then rewrite (j4.24p as 

D'''^ = V - ^d^^^ih^'). (4.33) 

Combining this last equation with the compatibihty between V and TTfib, we conclude that 

Z^EW^g^ ^ 0. (4.34) 

In other words, the lift r^^(7r) of the formal Poisson structure (|2.4ip to a D^^-flat section of 
7^^;^[[/i]] takes the following simple form: 

An important consequence of this observation is that the components of r^^(7r) do not depend on 
the fiber coordinates y's. 

Following Subsection 12.21 'we consider the "tail" of the differential , 

= -rn-ld^,,b^', (4.35) 

as a Maurer-Cartan element of the DGLA 

{n'{U,T;X'm]],d,[;-]sN), (4.36) 

where ?7 is a coordinate open subset of M. Then twisting the Loo quasi-isomorphism K ()2.28p by 
/i^'^, we obtain the L^o quasi-isomorphism 

K^""' : {n'{u,T;+^)m],D^'^,[, ]sn) {n'{u,c'+\SM))m],D^'^ + ^^ochj^ (4^37) 

As explained in Subsection 12.21 the Lqo quasi-isomorphism K^u^ does not depend on the choice 
of local coordinates on U . Hence we get a global quasi-isomorphism 

K'^ : {^l'{M,T;+^miD'''^,[, ]sn) (17'(M, C'+i(5M))[[/i]], 1)^^ ^ ^Hoch ^ ^ (4_38) 
Let us denote by //^ the Maurer-Cartan element of the DGLA 

'j^'(M, C'+'^{SM))[[h]],D^^ + 9^^°^^, [■, ■]g) (4.39) 
obtained from r^^(7r) = vrgb via the Lqo quasi-isomorphism K^"^: 

oo ^ 

/i _2^— a:^(t (7r),r (7r),...,r (vrj). (4.40) 
n=i ^• 

A simple degree bookkeeping shows that /x^ = /Xq- + /xf" + /if, where /xf is a 0-form with values 
in C^(5M)[[/i]], /xf is a 1-form with values in C"'^(5M)[[/i,]], and /xf is a 2-form with values in 
C^{SM)[[h]] = SM[[h]]. More precisely, 

oo ^ 

= y^-r^n(vrfib, TTfib,..., TTfib), (4.41) 

n=l 

°° 1 / 1 \ 

/if = X] — ( ^fib, TTfib, • • • , TTfib, - -r^TrflJfc^') J , (4.42) 

n=l V / 

°° 1 / 1 1 \ 

= Y. (^fib> TTfib, • • ., TTfib, -r;^ - jd^^^{h^'), -Tn - ^S-flJ^'') j • (4.43) 

n=l ' 
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It is known that Kontsevich's star product corresponding to the constant Poisson structure 
coincides with the Moyal star product, see e.g. [62|. Therefore, since the components of vrgb do not 
depend on the fiber coordinates y's, we conclude thalU 



/x^ (01,02) = Ol 



where ai, 02 are local sections of 5M[[/i]]. 

Using property P U] from Subsection 12.21 we simplify /if and follows: 

°° 1 / 1 \ 

/^f = - X] —^n+l { VTfib, TTfib, . . . , VTfib, T^TTflt J , (4.45) 

n=l ^- V / 

°° 1 / 1 1 \ 

= (^fib,vrfib,..., VTfib, T^.fl, (ft'^O, T^^flJ^^') ) • (4.46) 

n=l V / 

Due to property P [2] from Subsection 12.21 we can write 

1 1 °° 1 / 1 

-j^d^&dh"^) +1^1 = -j^Ki^d^^^ib"^)) - ^Kn+i Ufib, VTfib, • • •, VTfib, ^S^aJ^' 

n=l ' ^ 



n=0 



= - X] ^^"+1 (^fib, VTfib, VTfib, C^TTflb {b" 

In other words, 



- Id^n.ib"') + = -^i^r'(a.„,(6^') ) , (4.47) 
where K'^^^ is the L^o quasi-isomorphism obtained from 

K : (17- (M,T;„+i )[[/!]], 0) (17-(M,C-+^(5M))[[n]],9H-^) 

via twisting by vTfib ()4.4p . Using (IB.2ip from Appendix iBj the map K^^^ intertwines the Poisson- 
Lichnerowicz differential d'"^^ ()4.32p with the Hochschild differential 9|i°ch corresponding to the 
product (14. 3p . Hence ()4.47p can be rewritten as 

- Id^.Ab"') + /^f = -i9|i-i>/^r"'^(6'=') = (6-0, -lo. (4.48) 

Since the components of vTfib do not depend on the fiberwise coordinates y's, it follows that, for 
every n > 1, 

-fi^n+l(vTfib, VTfib, • • • , VTfib, ) = 

Hence 
and 



ia,„A''") + i'i =T.W'.h- (-'■50) 



Let us now find a simpler expression for /if- (I4.46[) . Property P [5] from Subsection 12.21 implies that 



i^2(^9.,,(6-'),i5.„,(6-0) =0. 



^Due to (|4.44|) . the product o can be written as ai o a2 — aia-z + {ai, 02). 
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Hence 



1 



^ n=l 



1 



vTfibiTTfib, . . . ,vrfib, T'^TTfn.ib"''), Td-TTfu^ib'"') 



n=0 

In other words, 



oo ^ 



ch 



(4.51) 



Since K. 



^7fflb(^'^')) vanishes for degree reasons, the component can be written as 



f = ^dt^^^K^'ib^^ + ^2^2"^ (d.R.ib% d^,,{b^^)) + ^^K^- (ft^ {d.,j'{b^')) • 



Using Equation ()B.16P from Appendix [Bj we obtain 
Thus, due to Equation ()4.49p . 



G 



.K 



1 



1 



Combining equations (I4.16P and ()4.26p . we deduce that 



(4.52) 



(4.53) 



1 
2^2 



Therefore, Equation (j4.53p can be rewritten as 

..K 1 



1 



/^2 



n ' " ' ' 2^12 

Combining this equation with (j4.50p . we obtain 



(4.54) 



1 



- \d^,y + = -r, + ^r', + \v{b - b^) + ^[6, b], - :^r,b% + /x^ . (4.55) 



The left-hand side of (j4.55p is a Maurer-Cartan element of the DGLA 

{n-{u, c-+\sM)m],d + [•, •]«), 



(4.56) 



where C/ is a coordinate open subset of M. 

The next step in the construction of the star product on M is to eliminate the components 
and via an equivalence transformation. Our goal is to show that the component can be 
eliminated in a way that gives us a Maurer-Cartan element which combines both the defining part 

-r;i+i[6, •]§ 

of the quantum Fedosov differential (|4.14p and the defining part (j4.44p of the fiberwise 
product o ()4.3p . We have the following result: 
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Proposition 4.3 There exists an element ^ G hQ^{M,SM)[[h]] such that 

in i/ze DGLA { 4-56\ ) for every coordinate open subset U of M. 
Proof. Let us denote by Ji^ the left-hand side of ()4.55p : 

/J"" = -r^ - Id^^y + m"^- (4.58) 

As we have remarked, Jl^ is a Maurer-Cartan element of the DGLA ()4.56p for every open coordinate 
subset U. According to the formula in ()B.4p in Appendix [Bl we have 

Since the Gerstenhaber bracket is zero if both arguments take values in C^{SM), we conclude that 
only the first two terms 1 + ^[-ji^Jg of the series '^^^^[.'JJg''"^ contribute to the right-hand side of 
Hence, 

(~i.)cxp«) = /i^ + (i + 1 [, (de + + [/i^, ih) • (4.60) 

Using (I4.55p . we write ()4.60p as follows: 



Using ([13]) and (IMp . we combine 9^°=^^ _^ [/Uq'.CIg into -[^, -l^. Thus {Jl^y'^^^^ can be further 
simplified as 

+ ve-[^,-]5 + ir',ek-^[e,e]o. (4.61) 

One can now show that, by plugging 

^ = l{b''-b) (4.62) 

into (j4.6ip . we obtain the desired identity 



(~K\exp{^) _ p 1 , ,,K 

[fJ- ) - -i-h + ^[0, -J^ + /io . 
Equations (|4.15p and (|4.25p imply that 

e=^(r^'-r). 

By Proposition 14. 2t it follows that ^ = mod h, and this concludes the proof. □ 
Let us denote the right-hand side of (|4.57p by flu: 

flu = -rn+^[b,U + fi^, (4.63) 
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where b is defined in (|4.15p . and an expression for is given in (j4.44p . As we remarked above, jlu 
is a Maurer-Cartan element of the DGLA ()4.56p . and Proposition 14.31 savs that jljj is equivalent to 
the Maurer-Cartan element fl^ . 

Twisting the DGLA (|i36D by fxu (ITOD . we get the DGLA n'{U,C'+^{SM))[[h]] with differ- 
ential + 5?°^^*^, where is given in (j4.14p . Since the differential Dj^ + d^°'^^ does not depend 
on the choice of coordinates on U, twisting by jlu (|4.63p gives us the DGLA 

(n-{M,C-+HSM))m],D^ + df^^^,[;-]G) ■ (4.64) 

To obtain Kontsevich's star product we need to further modify the Maurer-Cartan element (j4.63p 
by an equivalence transformation of the form 

r = exp(^i), with Ci^^^°{M,C\SM))[[h]], (4.65) 

to get the Maurer-Cartan elemenll§ 

/ic; = -ra-<5 + iK', K„,+n^, (4.66) 

where G n°{M, C"^ {S M))[[h]] . Then the element G n^{M, C'^ {S M))[[h]] is a Maurer-Cartan 
element of the DGLA 

(j^'(M,C'+i(5M))[[;i]],L»^w^0Hochj_]^^ ^ (4_g7) 

which is, in turn, quasi-isomorphic to C*"*'^(C'Af )[[/i]] via the map in (j2.22p . Since has zero 
exterior degree, the Maurer-Cartan equation for is equivalent to two equations: 

9^°"^n^ + ^[n^,n^]G = o, (4.68) 

^EWjji^ ^ 0. (4.69) 

The last equation implies that 11^ lies in the image of (I2.2ip . i.e., = r^^(n) for a unique 
n € hC^{OM)[M. Then (fOS]) implies that the product 

/i*/2 = /i/2 + n(/i,/2) (4.70) 

on C'(M)[[/i]] is associative. This is exactly Kontsevich's star product corresponding to the formal 
Poisson structure vr ()2.4ip . 

A more explicit way to get the star product (j4.7Up from the element is to use the isomorphism 
of C[[;i]] -modules r^^ . o{M)[[h]] T{M,SM)[[h]] D kei D^"^ . This isomorphism is obtained by 
iterating the following equation in degrees in the fiber coordinates y's: 



r^^{f) = f + 6-'(VT'''^{f) + {r'^,T^'^{f)}^,,), for / G 0(M)P]. (4.71) 

Equation (14.680 implies that the formula 

aioaa = aiaa + n^(ai,a2), for ai,a2 £ T{M,SM)[[h]], (4.72) 

defines an associative product on 5M[[?i]]. Equation (I4.69p . in turn, implies that the differential 
j^EW jg derivation of the product (j4.72p . Thus the formula 

/i*/2 = cT(rEW(^^)^^EW(^^)) for /i,/2 g0(M)P] (4.73) 



^Recall that the difFerential D (|2.3p we use for the construction of Kontsevich's star product is (|4.2ip 
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defines an associative product on C'(M)[[^]]. According to the construction of tlie map (see 
Subsection I2.ip tlie star product (j4.73p coincides witli (j4.70p . 

To construct an equivalence transformation between the star products (j4.20p and (j4.73p . we 
recall that the Maurer-Cartan elements jlu ()4.63p and ()4.66p are connected by the equivalence 
transformation ()4.65p : 

^lu = ^^u + ^-P^-ll (d^i + + [/it/, 6]g) . (4.74) 

This equation can be rewritten as 

- r, + ^{6^', -U, + = -r, + i[6, + + ^^^^^ + of^^^) . (4.75) 

Since .^i has zero exterior degree, (j4.75p is equivalent to the pair of equations 

;[ ,(i]g _ 1 



-U, -Tn = -Tn + -[6, + ^^6, (4.76) 



[•,?iJg 

Equation ()4.76p says that the transformation (j4.65p intertwines the differentials and D^: 

D^e^' (a) =e^^ D^'^ia), for a e r{M,SM)[[h]], (4.78) 

and Equation (j4.77p implies that the transformation (I4.65P intertwines the fiberwise products o 
from (1131) and o as in ([^77^ : 

6^1(01)06^1(02) = e^^ai^ 02), with ai,a2 G r(M,5M)[[fi]]. (4.79) 

Let us consider the map E : 0{M)[[h]] 0{M)[[h]], 

E{f) = a(e^W'''^{f)) for / € 0(M)P] . (4.80) 



Since e^^ intertwines the differentials Dj^ and L)^^ we conclude that 

eiior'''^[f)=foE{f), for f e 0{M)m], (4.81) 

where the map f is defined in ()4.19p . Using the definition of * (I4.20|) and equations (I4.79|) and 
(j4.8ip . we get the following identities: 



Eih *f2)=a (e«irEW(/i * h)) = a (e^^ (r^^(/i) o r^^(/2) 

= a[S^{T^^{h))<>e^-{r^'^{h)))=a{f{E{h))<>f{E{h))) 
= E{h) i E{f2) 

for all /i,/2 G C'(M)[[?i]]. Since E starts with the identity in the zeroth order in h, Kontsevich's 
star product (j4.73p is indeed equivalent to the modified Fedosov star product (j4.20p via E. 
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4.4 The star product * coincides with the original Fedosov star product 

The construction of the original Fedosov star product *f is based on a fiberwise product different 
from o (j4.3p . namely, one uses the following product on 5Af [[/i]]: 

/ .. 5" 6^ \ 
ai Op a2 = ai exp I hn^x)-^ ^ 1 02- (4.82) 

We will show that the product op can be connected to the product o (j4.3p by an equivalence 
transformation of a specific form: 

Lemma 4.4 The products o and op are fiberwise equivalent, 

P(ai) Of P{a2) = P{ai o 02), (4.83) 
via an equivalence transformation of the form 

P = exp(x) with X = (%i + ^^X2 + ■■■)] y^dy. , (4.84) 
where Xr G r(M, TM (g, T*M) for each r. 

Proof. The statement is fiberwise so it suffices to consider the following situation on R^"'. Let * be 
the ordinary Weyl-Moyal star product, i.e.. 



/i * /2 = pto o exp (jin/dy, ® dy,^ (/i (8/2), 



where /io(/i ^ f2) = /1/2 denotes the ordinary commutative product on 0(M^")[[fi]], and vr^-^ is a 
constant antisymmetric nondegenerate 2n x 2n-matrix (with complex entries). We must construct 
a specific equivalence transformation intertwining the product ★ with the star product 

/i * /2 = ^0 o exp ['K'^^y^ ® dyj ) (/i (g) /2) , (4.85) 

where vr is a formal power series of constant antisymmetric 2n x 2n-matrices (with complex entries) 
starting with Htti 

n'^ = hTT'i + h^n"^ + h^T:^ + • • • . 
Let us consider the following sets of operators, 

B = {B'^dy. ® dy, I G hcm]} , ^ = {x ® id + id ® X u = xiy'dy. with xi G mm]} , 

acting on the tensor product of two copies of 0(]R^"')[[/i]]. Note that A is a subalgebra, while B 
is an abelian subalgebra of the Lie algebra of all endomorphisms of 0(M'^"')[[/i]] (^c[[h]] 0(M?'^)[[h]]. 
The property 

[A, B]CB 

implies that 

exp(^) o exp(S) o exp(-^) = exp(e[^' ] (B)) = exp{B) (4.86) 
with B = B + [A, B] + ■ ■ ■ £ B. Let us suppose that the matrix vr'-' in (j4.85p has the form (m > 2) 

In other words, vr*-' — hn^ = mod h"^. Consider an equivalence transformation P^ of the form 

Pm = exp {h^{xm)iy'dy,) , (4.87) 
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where {Xm)) is a constant 2n x 2n matrix. Due to (j4.86p . we have 

Pra{Pm fi^ Pm 12) = f^o ° exp(x «) id + id (g) x) o exp(7r) o exp(-x » id - id ® /2) 
= /xo oexp(7r') o (/i ® /s), 

where 

Since the matrix tt^^ is nondegenerate, we can choose the matrix {xmYj in such way that 
The new product /i, /2 i-^ PmiPm^fi * Pm^f2) has the form 

Pm{P-'fl*P~'f2) = /UO O exp(^') o (/i /2) , 

where vr' = /ivri mod K^^^. Thus the desired equivalence transformation P is obtained as an 
infinite product 

P = ...P4P3P2, 

where the m-th transformation Pm has the form (j4.87p . This infinite product converges in the 
/i-adic topology, and it is clear that P has the form 

P = exp(x) 

where x is a linear vector field. This concludes the proof. □ 
Since the exponent of P is a vector field, it is also an automorphism of the undeformed product: 

P(ai)P(a2) = P(aia2), (4.88) 

for all ai,02 € r(M, 5M)[[/i]] . Furthermore, P preserves the degree in y's and transforms the 
differential Dj^ to 

D"" = PD^P'' = PV P'' + ^[P{b), -lop (4.89) 

with the element b defined in ()4.15p . Since P has the form ()4.84p . the operator 

Vo = PVP-^ 

is again a connection (possibly with Christoffel symbols depending on h). Furthermore, Vq is a 
derivation of Op because V is a derivation of o. As for the curvature form ()4.9p , we have 

(Vo)2 = PV2p-i = lp[R, = i[P(P), ],^. 

Since the operator P preserves the degree in y's, we have 

P{R) = Ux' dx^l fc,(x)/y', (4.90) 

where P^- i^i{x) are components (possibly depending on h) of the curvature tensor for Vq- 
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Applying the operator P to Equation (j4.16p . and using the fact that the components of lo (j4.ip 
do not depend on the fiber coordinates y's, we have that 

ip(i?) + ^VoP{b) + ^[P{b),P{b)U = (4.91) 

Thus in (j4.89p is the quantum Fedosov differential from the original construction in [27], and 
the Fedosov class of the resulting star product is represented by u ()4.ip . 
Let be the isomorphism 

: 0{M)[[h]] T{M,SM)[[h]] D ker (4.92) 

which lifts functions on M to L>^-flat sections of the sheaf 5M[[?i]]. Similarly to f, the isomorphism 
is defined by iterating the equation 

T^la) = a + 6~' (Vor^(a) + [r^, rF(a)]o,) , (4.93) 

where a € r(M, 5M)[[?i]] and = P{b) + hdx^uJij{x,h)yK The (original) Fedosov star product is 
defined in terms of and the fiberwise product of for /i, /2 G C'(M)[[/i]] as 

/l*F/2 = fTK(/l)OFr^(/2)). (4.94) 

Since the transformation P ()4.84p intertwines the differentials and D^, we conclude that 
P o T^{f) is D^-fiat for every / G C'(M)[[/i]]. On the other hand, since the transformation P 

preserves the degree in the fiber coordinates y's, we have that P o f{f) = f. Hence 

y=0 

Pof{f) = r^{f). (4.95) 

Combining the last equation with ()4.83p . and using the fact that P preserves the degree in fiber 
coordinates y's, we get the following series of identities: for /i,/2 G 0(M)[[fi]], 

/i *F /2 = (r^(/i) OF r^(/2)) =a{Po f{f,) of P o f(/2)) 
= a (P(f (/i) o f{h))) = a ((f (/i) o f{h))) 

= fl* f2- 

Thus the star product * (14.20p coincides with the original Fedosov product *f (|4.94p . and Theo- 
rem |17T] is proved. 



A Formal differential equations 

In this appendix we collect some results on differential equations in C[[^]]-modules which are needed 
throughout Section [3l Most of the material is well-known or can be easily reconstructed from well- 
known results, see e.g. the textbook [59l Sect. 3]. 

Let us consider the following purely algebraic situation. We fix a commutative ring C containing 
Q, let y be a C-module, and let T> C Endc{V) be a unital sub-algebra. In our case we usually 
have C = C, V = 0{M) or T{M, E) for some vector bundle E — > M, and V being the differential 
operators on V. Let us also consider the /i-adically complete C-module (V^[i])[[?i]], i.e., in each order 
of h we have a polynomial in t with coefficients in V. Note that this is different from (^[[^]])[i], 
which is a proper sub-module of (y[t])[[n]]. Let D{t) G Kl^[t])[[h]] and w{t) G ^(V"[t])[[n]] be given, 
and consider the differential equation 

±v{t) = wit) + D{t)v{t) (A.l) 

with initial condition v{0) = vq £ ^[[^]]- 
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Proposition A.l For each initial condition v{0) = vq equation ()A.ip has a unique solution v{t) G 
. Moreover, if w = then the flow map vq i— > v{t) is a formal series id + Yl'^o ^^Dr{t) 
with Dr{t) &V[t]. 

Proof. First we rewrite (jA.ip as the integral equation 

v{t) = v{id)+ [ {w{t) + D{T)v{T))dT, (A.2) 
Jo 

incorporating the initial condition. Since in each order of h, w{t) and D[t)v{t) are polynomials in r, 
the integral operator is a purely algebraic gadget defined by linear extension of Jq* r"dr = ;^r"'"'"^ 
(this is also the reason why we require Q C C). Since by assumption D{t) and w{t) are at least 
of order h, the right-hand side of (|A.2p is directly shown to be a contracting endomorphism in the 
/i-adic topology of the complete module It follows from the usual fixed point argument 

that there is a unique solution of ()A.2p which is the unique solution of (jA.ip with correct initial 
condition, see e.g. [591 Sect. 6.2.1]. When w = the iteration clearly produces a flow map of the 
specified type. □ 

Example A.2 Let ^ be a C-algebra and let -k be an associative deformation of A, so that ^[[^]] is 
a C[[/i.]]-algebra with respect to The product ★ extends to in the obvious way, making 

it a C[[/i]]-algebra. Let d{t) G be given. Then for every ao G ^[[^]] the differential 

equation 

^o(t) = d{t)-ka{t) with a(0) = ao (A.3) 
has a unique solution by Proposition lA.li 

Example A.3 Let A = DiffOp(r(M, £')) be the differential operators on some vector bundle 
E — > M and let -k be the undeformed multiplication of differential operators. Then for any 

D{t) G h{I}\mviT{M,E))[t\)[[h]] the equation 

±A{t) = D{t)^A{t) (A.4) 

has a unique solution for every initial condition ^(0) = G DiffOp(r(M, The important 

point here is that the solution is again in (DiffOp(r(M, This is the situation which we 
encountered in Section [3] frequently. 

Another situation refers to C = C and smooth functions on a manifold only. Let D{t) G 
/i(DiffOp(M)[t])[[^]] be a formal series of differential operators depending polynomially on t at each 
order of h. Let do ^ 0{M) be a function and consider the differential equation 

^J{t) = {do + D{t))f{t) with f{Q) = h (A.5) 

with some invertible h G 0(Af)[[/i]]. Note that h is invertible iff the zeroth order ho is invertible. 
Proposition lA. II does not directly apply in this case due to the non-trivial zeroth order contribution 
coming from d^. But the following holds. 

Proposition A.4 For any invertible h G 0{M)[[h]], ([Ql) has a unique solution f{t), for all t G M, 
of the form 

/(t) = e*^o/io5(t), (A.6) 
where g{t) = 1 -|- X^^i h^gn{t) with gn{t) G C'(M)[t]. In particular, f{t) is invertible for all t G M. 
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Proof. We write f{t) = J2n=o f^'^fn{t)- Then in order (|X5]) reads 

^foit) = dofoit) with /o(0) = /lo, 

so /o = e^'^°ho is the unique solution. Making the Ansatz f{t) = e^'^°hog(t), we see that f(t) is a 
solution of (jA.SP if and only if (7(t) satisfies 

with initial condition ^(O) = ^. Note that I) G ;i(DiffOp(M)[t])[[^]] since every differentiation in 
D{t) reproduces the exponential function, which in the end cancels. Thus only polynomials in t 
remain. We can now apply Proposition lA.ll and obtain a unique solution g{t) G (0(M)[t])[[fi]]. 
Since the solution is obtained by iteration, we have goit) = 1, for all t, in zeroth order. The 
invertibility of f{t) follows since its zeroth order is invertible. □ 

Example A. 5 Let do G 0{M) and G h{0{M)[t])[[h]] be given. Then we have a unique 

invertible solution f{t) to the equation 

^^f{t) = d{t)^f{t) with /(0) = 1, (A.7) 

where d{t) = do + d+(t) and * is a star product on M. If d{t) = d is time independent then f{t) is 
the ^-exponential Expj^(t(i) as in [1], [7], App. A], and |591 Thm. 6.3.4]. Moreover, f[t) is ^-invertible 
for all t and the ^-inverse f{t)~^ is determined by the equation 

jj{tr' = -f(.t)-'*d{t) with /(0) = 1, (A.8) 
so we also can apply Proposition IA.4I to this situation. 



B Maurer-Cartan elements and the twisting procedure 

In this section we recall some general facts about Maurer-Cartan elements and the twisting proce- 
dure. Further details can be found in Sections 2.3 and 2.4 in [18] and in [19] . 

B.l Maurer-Cartan elements in DGLAs 

Recall that every DGLA (£, dc, [■, -jc) in this paper is equipped with a complete descending filtration 
■■■ D T-^Cd T-^£d J='^Cd T^Cd ... , C = limC/J^C, (B.l) 

n 

which means, in particular, that J^^C is a projective limit of nilpotent DGLAs. 

By definition, a is a Maurer-Cartan element of £ if a G £} (i.e., a G L and has degree 1 
in £) and satisfies the equation 

(i£a + -[a,a]£ = 0. (B.2) 

Notice that g(/:) = for ms an ordinary (not graded) Lie algebra which is the projective 

limit of nilpotent Lie algebras. Hence 0(>C) can be exponentiated to the group 

©(£) =exp(.F^£°), (B.3) 
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and this group acts on Maurer-Cartan elements of Z via 



« ^ «exp(0 ^ ^^p([.^ ^ """P^i"'!^^ ^ ^i^C , (B.4) 



where ^ ^ ^ and the expression 

exp([-,C]£) 



is defined via the Taylor expansion of the function around the point x = . Both terms on 
the right-hand side of (|B.4p are well defined because the filtration on L is complete. We remark 
that (iRil) defines a right action, i.e., for all ^,r/ E J^^C^ we have 

where CH(^, rj) is the Campbell-Hausdorff series: 

CH(C, r?) = log(e«e^) = ^ + r? + i [C, r?] + . . . . (B.6) 

We let MC(£) denote the transformation groupoid of the action ()B.4p . called the Goldman- 
Millson groupoid [38j: its objects are the Maurer-Cartan elements of £ and morphisms between 
two Maurer-Cartan elements ai and 02 are elements of the group © (|B.3p which transform ai to 
02- We call Maurer-Cartan elements equivalent if they are isomorphic in MC(jC) and denote by 
7ro(MC(£)) the set of equivalence classes of Maurer-Cartan elements. 

Every morphism of DGLAs defines a functor 

/, : MC(£) ^ MC(£). (B.7) 
According to [35l [38l ES] , we have the following result. 

Theorem B.l If f : C ^ C is a quasi-isomorphism of DGLAs, then the functor (B.7 ) induces a 
bijection from 7ro(MC(£)) to 7ro(MC(£)). 

Every Maurer-Cartan element a of £ can be used to modify the DGLA structure on C. This 
modified structure is called the DGLA structure twisted by the Maurer-Cartan a [52] . The Lie 
bracket of the twisted DGLA structure is unchanged, and the differential is given by 

d"c = dc + [a, -U . (B.8) 
The DGLA resulting from twisting £ by a will denote by C". 



B.2 Loo-morphisms of DGLAs 

Two DGLAs £ and £ are called quasi-isomorphic if there is a sequence of quasi-isomorphisms /, 
fi, /2, • • • , fn connecting £ with £: 

£ ^ £1 £2 ^ . . . £n ^ £ . (B.9) 

It follows from Theorem IB. II that a sequence of quasi-isomorphisms ()B.9P between the DGLAs £ 
and £ defines a bijection between the sets of equivalence classes of Maurer-Cartan elements. 



39 



We will need to extend the class of morphisms between DGLAs to L^^ morphisms. To this end, 
we need the Chevalley-Eilenberg complex C[C) of a DGLA C. As a graded vector space, C{C) is 
the direct sum of all symmetric powers of the desuspension (see Subsection II. ip s~^>C of C: 

oo 

= 05'=(s^i£). (B.IO) 

k=l 

The space C[C) is equipped with the following cocommutative comultiplication: 

A : C{C) — > C{C) ® C{C), (B.ll) 

defined by 

n— 1 

A{vi,V2,...,Vn) ±{v^^l),...,V^^k))(g){v^^k+l),---,'^a{n)), (B.12) 

fc=l o-eSh{fc,n-fc) 

where f i, . . . , Vn are homogeneous elements of s~^C , Sh(/c, n — k) is the set of (/c, n — A;)-shuffles in 
Sn , and the signs are determined using the Koszul rule. 

It can be shown that every coderivation Q of the coalgebra C{C) is uniquely determined by its 
composition p o Q with the natural projection 

p:C{C)^s-^C. (B.13) 

This statement follows from the fact that C{C) is a cofree cocommutative coalgebrslll. A similar 
statement holds for cofree coalgebras of other types, see f36| Prop. 2.14]. 

We define the coboundary operator Q of the complex C{C) by requiring that Q is a coderivation 
of the coalgebra structure and by setting 

po Q{v) = -dcv , po Q{vi,V2) = i-l)^''''^^'^[vi,V2]c , poQ{vi,V2,...,Vk) = {k>2), 

where v,vi, . . . ,Vk are homogeneous elements of C. The equation = readily follows from 
the Leibniz rule and the Jacobi identity. Thus to every DGLA {C,dc,[-, ■]£) we assign a DG 
cocommutative coalgebra 

{C{C),Q) 

without counit. 

Definition B.2 An L^o morphism 

from a DGLA C to a DGLA C is a (degree zero) morphism of the corresponding DG cocommutative 
coalgebras: 

F:{C{C),Q)^{C{C),Q). 

The compatibility of F with the comultiplication A (|B.lip implies that F is uniquely determined 
by its composition po F with the projection 

p : C{£) s-^C. 



^In fact, C(£) is a cofree cocommutative coalgebra without counit. 
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We denote by F„ the following restriction oi po F: 

Fn=poF S'\s-^C) ^s'^C. (B.14) 

5"(s-i£) 

The maps FnS are the structure maps of the Loo morphism F . The presence of the desuspensions 
m (iBTl) simply means that the map Fn can be thought of as a map from C®'^ to C of degree 1 — n 
with the following symmetry in the arguments: 

Fn{. .. ,71,72, •••) = -(-1)I^^II^^If„(. .. ,72,71, •••) , 

where |7i| is the degree of 7^ in £ . We tacitly use this identification in our paper. 

The compatibility of F with the co differentials Q and Q is equivalent to a sequence of quadratic 
relations on Fn- The first of these relations says that the map 

Fi-.C^C 

intertwines the differentials dc and d-^: 

Fiidci) = d^Fi{^) , -fee. (B.15) 
The second relation says that Fi is compatible with the brackets up to homotopy: 

^^^2(71,72) + i^2(c?£7i,72) + (-l)'^''i^2(7i,c?£72) = i^i([7i,72]£) - [Fi(7i),i^i(72)]^, (B.16) 

where 71, 72 € C. 

Condition ()B.15P motivates the following definition: 

Definition B.3 An Lqo morphism F : C > — > C is an Loo quasi-isomorphism if Fi induces an 
isomorphism from H*{C,dc) to H'(C,d^) . 

Just as ordinary quasi-isomorphisms, an Loo quasi-isomorphism between DGLAs induces a 
bijection between the sets of equivalence classes of Maurer-Cartan elements. More precisely, if F 
is an Loo morphism from C to C then, for every Maurer-Cartan element a of 

00 ^ 

/5 = V-F„(a,a,...,a) (B.17) 

n=l 

is a Maurer-Cartan elemenl[f] of the DGLA C . Furthermore, if a is equivalent to a' in C, then (5 is 
equivalent to the Maurer-Cartan element 



/?' = V^F„(a',a',, 
^ n! 

n=l 

of C. As a result, the correspondence 

00 ^ 

a^f3=} — F„(a, a, . . . , a) (B.18) 

n=l 

induces a map 

: 7ro(MC(/:)) ^ 7ro(MC(£)) . (B.19) 

Due to [181 Prop. 4] we have: 



*The infinite series in HB.17|) is well defined since a £ C and £ is complete with respect to its filtration. 
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Proposition B.4 If F : C > — > C is an L^o quasi-isomorphism, then the map iB.19\) is a bijection. 

Given a Maurer-Cartan element a £ C, any Lqo morphism F : C > — > C can be modified to 
an Loo morphism F" between the twisted DGLAs and C^, where (3 is as in (jB.lTh . see [T8| 
Prop. 1]. We say that the Leo morphism F°' : > — > is twisted by the Maurer-Cartan element 
a; its structure maps are given by 

oo ^ 

-C(7i,72, • • • ,7n) = X] ■^Fk+n{a,a,. . . ,0,71,72,. . . ,7n) , (B.20) 

fc=0 

where (z C. In particular, F° intertwines the differentials in and C^: 

00 ^ 00 

^ • • '«'^'C7+ [a,7]£) = X] ^ (^'^-c + ]£)-^fc+i(a,a, ... ,0,7) . (B.21) 

fc=o ■ fe=o 

According to [18', Prop. 1], twisting an L^o quasi-isomorphism by a Maurer-Cartan element gives 
an Loo quasi-isomorphism. 

One can identify Loo morphisms from a DGLA £ to a DGLA C with Maurer-Cartan elements 
of another DGLA, denoted by . As a graded vector space, 

W = Hom(C(£),£). (B.22) 

The differential d-yi and the bracket [•, -J-^ are given by the formulas: 

dw^ = d^^-(-l)l*l^'Q, (B.23) 

[*,e]^(x) = j;(-i)i®ii^'i[M/(x,),e(x;)]^, (b.24) 

i 

where AX = Xi ®X[^ and Q is the codifferential on C(£) . The DGLA TL is equipped with the 
following descending filtration: 

n = T^n D j^^n d • • • d f^u d ... 

T^n = {/ G Hom(C(£), C) I f\s<u^,^.c) = 0} • (B-25) 

The DGLA structure defined by ()B.23P and ()B.24p is compatible with this filtration, and the DGLA 
TL is complete with respect to this filtration. Thus the group ©(W) is defined for Ti and acts on 
Maurer-Cartan elements of Ti according to ()B.4p . 
Following [m [56] , the correspondence 

F^poF. (B.26) 

identifies an Loo morphism F : C > — > C with a Maurer-Cartan element of the DGLA Ti.. Moreover, 
for two Loo morphisms F and F, the Maurer-Cartan elements p o F and p o F are connected by 
the action (IB.4|) of the group ©(W), and the structure maps -Fi and Fi are chain homotopic. As 
a result, if the Maurer-Cartan elements p o F and p o F are equivalent and F is an Loo quasi- 
isomorphism, then so is F . We say that two Lqo morphisms F and F are homotopy equivalent if 
the corresponding Maurer-Cartan elements p o F and p o F are connected by the action ()B.4p of 
the group ©(W) . 

It is natural to ask whether two homotopy equivalent Lqo morphisms induce the same map from 
7ro(MC(£)) to 7ro(MC(>C)) . The following lemma gives a positive answer to this question. 
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Lemma B.5 Let C and L he DGLAs, and let F and F be two Lao morphisms from C to C . If 
the corresponding Maurer-Cartan elements poF andpoF of the DGLA 7i \B. 2S\) are equivalent, 
then F and F induce the same map from 7ro(MC(£)) to 7ro(MC(£)) . 

Proof. We need to show that for every Maurer-Cartan element a of C, the Maurer-Cartan elements 
/3 = ^ — Fn(a,a, . . . ,a), and /3 = ^ — F„(q;, a, . . . , a) 

n=l n=l 

are connected by the action (|B.4p of the group (S(>C). Let us denote by / (resp. /) the composition 
po F (resp. po F): 

f =poF , f =P°F ■ 

We know that / and / are equivalent Maurer-Cartan elements of the DGLA Ti. Hence there exists 
an element E J^^Ti.^ such that 

7 /[ /I ^^ , exp([-,'0]H) - 1 , , r-any\ 

/ = exp([-,'0]H)/H TTi dnip- (B.27) 

Let us consider the element 

oo ^ 

^-(a,a,...,a) (B.28) 

in the completion of the coalgebra C{£.) with respect to the natural filtration coming from C. A 
direct computation shows that applying both sides of equation ()B.27p to the element ()B.28p and 
using the Maurer-Cartan equation ()B.2p . we obtain 



/? = exp([-, e]^)/? + d.C , 



exp(h%) - 1 



where the element £^ G J^^C^ is defined by 



^==1 k 

It follows that (3 is connected to the Maurer-Cartan element (3 by the action (|B.4p of the group 
&{C), concluding the proof. □ 

B.3 The case of /i-adic filtration 

If {C, d, [•, •]) is a dglaI which is not equipped with a descending filtration then, extending the 
differential d and the Lie bracket [•, •] by C[[/i]] -linearity, we get the DGLA C[[h]] over the ring C[[^]] 
with the obvious descending filtration 

T^£ = h''C[[h]]. (B.29) 

The new DGLA /^[[/i]] is clearly complete with respect to this filtration. This case is of central 
importance in our paper and, here, we will give an alternative description of (iso) morphisms in the 
Goldman-Millson groupoid MC(£[[/i]]). 

Let a G and ^ € Due to Proposition lA.il the differential equation 

^^a{t) = dC + [a{t),C] (B.30) 



In this subsection we omit the subscript £. for the differential dc and for the bracket [•,•]/:. 



43 



with initial condition 

a(0) = a (B.31) 
has a unique solution in ?i(>C"'^[f])[[?i]] . We claim that if a satisfies the Maurer-Cartan equation 

da + - [a, a] = 0, 

then so does a{t) . Indeed, let 

^{t) = da{t) + hpt{t),a{t)]. 
Taking a derivative in t and using (|B.30|) . we have 

j^{da{t) + \[a{t),a{t)]) = [da{t) + i[a(t), a(t)], C], 

that is, 

Note that ^'(0) = 0, since a satisfies the Maurer-Cartan equation. Then Proposition lA.ll implies 
that ^{t) = 0, i.e., a{t) satisfies the Maurer-Cartan equation for all t. 

If ^ does not depend on t (that is ^ € ) then the initial value problem (IB.SOp . (IB.3ip 

can be solved explicitly. Indeed, in this case we have 

a{t) = exp(t[-, ^])a + — dS, . 

In other words, if ^ does not depend on t, then the evaluation of a{t) at t = 1 is connected with a 
by the action (iRil) of the group ^{C[[h]]) . 

We will now show that, for an arbitrary element ^ € ^(^"[^Dli^]]) the evaluation is also 
connected with a by the action of the group 6(£[[fi]]). We need the following technical statement: 



Lemma B.6 Consider a Maurer-Cartan element a o//3[[^]], let ^ be an element of h{C^[t])[[h]], 
and a{t) be the unique solution of W. 30(l with initial condition W.31\) . Then for every tj € /i£'^[[/i]] 
and every nonnegative integer k, the element 

t'^+K ^ exp(gi^[-,77]) -1 

satisfies the differential equation 



^A(t) = de + [A(t),e], (B.33) 



where 

e = tS + expf ) e. 

Proof. We compute the derivative explicitly and obtain 



-A(i) r?]exp +exp d^ 
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The latter can be rewritten as 



exp 



[■,7]] a{t),t 7] + exp 



+ d(tS) + [-,r/]- 



exp 



k + V 



+ exp 
— dexp 



fc+i 



k + V 

fk+l 

- — I 

k + V 



,ri\\ d exp 



t 



^] exp ^— —[•,??] ) i 



,7]] ^ + (iexp 



k + l 



k + V 



k + l 



Hence 



d 



k+l 



A(t),t^r/ + exp 



exp(|^[-,7?] 



,?]] ) dexp 
1 



A; + 1' 



77] I — d] exp 



^] k 



-drj, exp 



A; + 1' 



Thus, in order to prove the proposition, we need to show that 



exp 



k + l' 



d, exp 



k + l' 



expl ^hr/] 



■,v] 



-drj, ■ 



One now verifies that both sides of ()B.34p satisfy the same differential equation: 



d 
di 



e{t)= t^[-,r/],G(t) +t>'[dv,-], 



with the same initial condition 



(B.34) 



9(0) = 0. 

Therefore, by Proposition I A. H ()B.34p holds and the result follows. □ 
We can now prove the main result of this subsection. 

Proposition B.7 Let a be a Maurer-Cartan element of C\^ti^ , he an element of h{C^\t\)\\K^ , 
and a{t) he the unique solution of W. 30^) with the initial condition W.31\) . Then the Maurer-Cartan 
element a(l) is connected with a hy the action { B.4\ ) of the group &{C[[h]]) . 



Proof. Let us denote by E(^, a) the evaluation of a{t) at t = V. 

E(^,a) = a{t) 



t=i 



(B.35) 



where a{t) is the solution of the differential equation ()B.30p satisfying a(0) = a . In general, we 
have ^ € where m is a positive integer, and 



i = t''h^im,k + t'^'n^^iruMl + t'^''K^im,k+2 + " " " + t'' h^U,N mod K 



^k+lf^mi 



N i-m. 



t,m+l 



(B.36) 
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S,m,j G C^, for some nonnegative integers k and N with k < N . Lemma IB .61 implies that 



exp 



(E(e,a)) L '^■^^ J =E(e',a), (B.37) 
where ^' G and 

^' = t'+'h"^Ck+, + t'^'h"^CU^, + --- + t''h"^C,N mod ;.™+\ (B.38) 
with em,j e . 

Repeating this argument N — k — 1 times, we see that there exists elements € h'^+^{C^[t])[[h]] 
and 7?m E such that 

E(ei,a) = (E(e,a))^"Pt'""l. (B.39) 

Therefore we have an infinite series of elements rym+n-i G /i™'~^"~^jCO[[;i]] and elements 

Ca^h^+^iC^mih]], n>l, 

such that ^ 

E(e„,a) = (E(e,a))^-™, (B.40) 

where 

An,m = exp[r/m] exp[r/m+i] • • • exp[r/m+„_i] . 

Since for large n the element r/^+n-i hes in the deeper filtration subalgebra 
infinite product 

A = exp[r]m] exp[rjm+i] ■ ■ ■ exp[r/m+„] . . . 
is a well defined element of . Furthermore, due to ()B.40p . we have 

a = (a(l))^ 

and the proposition follows. □ 



C Independence of Fedosov's differential: proof of Theorem 12.61 

This section presents the proof of Theorem 12.61 asserting that the correspondence between equiv- 
alence classes of star products and equivalence classes of formal Poisson structures induced by the 
sequence of L^o quasi- isomorphisms ()2.3ip does not depend on the choice of the connection/Fedosov 
differential. 

We would like to emphasize that we prove (and use) Theorem 12.61 in the setting where the 
ground field C is replaced by the ground rinj^ In particular, the connection form T in (12. 4p 

is replaced by a general formal Taylor power series in h: 

r?i = To + ^Fi + n^Fa + . . . , 

and the element A (j2.6p is allowed to have the more general form: 

p=2,r=0 ^ 

^"See Remark [Ol 
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Although the proof is long and technical, the general idea is simple. The key point is observing 
that changing the geometric Fedosov differential corresponds to twisting the DGLAs ^}*{M, T*J^y)[[K\] 
and ^* {M , C*~^^ {S M))[[h]] by a Maurer-Cartan element which is equivalent to zero. What makes 
the proof intricate is that one needs filtrations on these DGLAs which are more subtle than the 
/i-adic ones. 

Proof of Theorem 12.61 Let us introduce the following descending filtrations on the DGLAs 
n'{M,T*+^)[[h]] and n* {M , C*+'^ {S M))[[h]]: The m-th subspace ^™Q*(M, C^(5M))[[n]] of the 
fihration on n'{M,C''{SM))[[h]] consists of the elements P of Q'(M, C'=(5M))[[/i]] satisfying 

P{TP'SM[[h]]0TP^SM[[h]]^---(SJ^>'SM[[h]]) c Q'{T'SM[[h]]), (C.l) 

s+t=m+pi+p2-\ hPfe 

where the filtration J^'SM[[h]] is defined in Remark [231 the m-th subspace ^"^^*{M,T^^iy)[[h]] 
of the filtration on Q*{M,T^^iy)[[h]] is specified by the same condition: for 7 G Q'{M,T^^iy)[[h]], 
viewed as a element of n'{M, C''{SM))[[h]], 

j{TP^SM[[h]](g)TP^SM[[h]]^---0j^"'SM[[h]])c n%J^SM[[h]]). (C.2) 

s+t=m+pi+p2A hPk 



The fihrations d'^'{M,T'^'[^)[[h]] and d'^'{M,C'{SM))[[h]] assign to y\ dx\ dyr and h the 
degrees 1, 1, —1, and 2, respectively. For the filtration J* on r2*(M, 7^*|y^)[[/i]] we have 

^'{M,T;^]y)m] = liml^^M,T;„;i)[[n]] /i?™17-(M,T;4i)[[;.]] (C.3) 

and 

^'{M,T;^,i)m] = r'^'{M,T;^,im] , (C.4) 

where d is the dimension of M. Although the filtration on Q*{M, C*~^^ {S M))[[fi\] is unbounded 
in both directions, we still have the following important properties: 

n'{M,C'+\SM))[[h]] = \\m^%M,C'+^{SM))[[h]]/ ^'^n'{M,C'+^{SM))[[h]] , (C.5) 

m 

fi'(M,C"+i(5M))[[n]] =|j5™f^*(M,C7'+^(5M))[[n]]. (C.6) 

m 

Property ()C.5P follows from the fact that the local sections of the sheaf C^{SM) are continuous 
(C'(f/)-polylinear) maps from V{U,SM)®^ to T{U,SM) in the y-adic topology on T{U,SM) . 
Let us consider two different geometric Fedosov differentials 

D = V -5 + A, 5 = V-(5 + I, (C.7) 

and let r, f be the corresponding isomorphisms (see (j2.23p ). 

r : X-{Mm] ^ r(M,r;, )[[;i]] nkerZ), 

(C.8) 

f : X'iUm] ^ r(M,T;„,^)[[;i]] nkerZ). 

The geometric Fedosov differential D can be rewritten as 

D = D + H, where H e d^^\M,Tp\iy)[[h]]. (C.9) 
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Since = 0, the element H satisfies the Maurer-Cartan equation 

DH + ]^[H,H]sN = Q. 
Let us consider the natural extension of the map a (j2.10p to Q*(M, 7^*j^)[[/i]], 

c^(7) = 7 ^ - • 

For example, the subspace r2''(M, 7^^j^)[[/i]] n ker cr consists of fiberwise polyvectors of the form 

fc>0 q>l 

(with summation in q starting with 1). The element H (jC.OP is a Maurer-Cartan element of the 
the following truncation of the DGLA (i7*(M, 7^'|^^), D, [ , ]sn)- 

£T = 0f^°(M,T^t?)P]nkera ^n^^M^T^W]]- (CIO) 

fc>0 fc>0 

At the level of the associated graded complex 

m 

the differential D (|C.7p boils down to —5 . Due to (12. 9p and Remark 12.21 the associated graded 
complex of Cr is acyclic. Using properties ()C.3P and ()C.4p . we conclude that, for all m, the sub 
DGLAs ^"^Cj- and the sub DGLA Cj- are acyclic. Theorem IB. II then implies that every Maurer- 
Cartan element of the DGLA (jC.lOP can be brought to zero via the action of the group 

exp {d'n'iM,Tpiiy)[[n]]nkeTa). (C.ll) 

Since H is a Maurer-Cartan element, it follows that there exists an element 

X £t ^\M, Tpiiy)[[h]] n ker a (C.12) 

such that 

H = ^J^l^^ld^DX. (C.13) 

Since components of H have degrees in y greater than or equal to 1 and the contracting ho- 
motopy for 5 raises the degree in y by 1, we conclude that one can find the element X ()C.12p 
satisfying (|C.13p as well as the additional property 



dyi X 



= 0, for ah i. (C.14) 

y=o 



In other words, we can find X whose components have degrees in fiber coordinates y greater than 
or equal to 2. 

It follows from ([CT3|) that the operator intertwines the differentials D and D: 

D = e''^oDoe^. (C.15) 

Furthermore, combining equation ()C.15P with property ()C.14p we deduce that, for every formal 
Poisson structure vr, 

exp(-[-,X]5iv)r(7r) =r(7r). (C.16) 
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Indeed, ([UTTS]) implies that both sides of ([UTTB]) are D-flat. Then, (fUHl) implies that 

cr(r(7r)) = a(exp(-[-,X]5Ar)f(7r) ). 

Therefore, since every D-Rat section 7 is uniquely determined by its image (7(7), we conclude that 
()C.16P holds. Combining equations (jC.lSP and ()C.16p . we deduce that 

H + f (tt) = exp([, X]sN)T{7r) + ^-^^^l^^I^^DX. (C.17) 

Hence the Maurer-Cartan elements t{tt) and H + f(7r) of the DGLA {n*{M,T'J;^)[[h]], D,[, ]sn) 
are equivalent. 

Let K^^ be the L^o quasi-isomorphism 

K*- : (0-(M,r;+;)[[/.]],A[, ]5iv) (0•(M,C•+l(5M))[[/^]],Z) + 5«-^[, ]g) 

of Subsection 12.21 ^-iid let K^^ be the analogous L^o quasi-isomorphism obtained by replacing D 
with the other geometric Fedosov differential D (see (IC.7P ). Let /x be the Maurer-Cartan element 
of the DGLA 

(17'(M,C"+i(5M))[[/i]],Z) + 9Hochj^ (C.18) 

corresponding to the Maurer-Cartan element T(7r) via the quasi-isomorphism ii'*"', i.e., 

00 

= E -^n"(^(vr), r(7r), . . . , r(vr)). (C.19) 

n=l 

Similarly, we let Jl be the Maurer-Cartan element inJO*(M, C"+^(5M))[[/i]], 5 + a^o^h^ j ^ ^^j., 
responding to the Maurer-Cartan element f(7r) via K^'^: 

00 ^ 

^ = E -^'rT (r(vr), f(vr), . . . , f(7r)) . (C.20) 
n! 

?i=i 

Combining Jl with H = D — D, we get a Maurer-Cartan element H + J1 of the DGLA (jC.lSp . 

Claim C.l T/ie Maurer-Cartan element H+fl corresponds to the Maurer-Cartan element H +f{Ti) 
via the Loo quasi-isomorphism K*^ , that is, 

00 ^ 

H + Jl=y] -Xr^" {H + f (tt), H + f (vr), + f (vr)) . (C.21) 

n=l 

Proof. We notice that K^"^ is obtained from K^'^ via twisting by the Maurer-Cartan element H. 
Therefore the right hand side of (|C.2ip can be rewritten as 

00 ^ 

E -,K^ (H + f (vr), H + f (vr), ...,H + f (vr)) 
^-^ n! 

n=l 

00 ^ 00 
= E {H,H,...,H)+Y^ -K^r (f (vr), f(7r), . . . , f (vr)) . 

n=l n=l 

Using the properties P [2] and P O we rewrite the first sum in the previous equation as 

00 ^ 

Y,-Ki'"{H,H,...,H) = H. 



n=l 
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This proves Claim [UTl V 
Since the Maurer-Cartan elements T(7r) and H + f(7r) are equivalent in the DGLA 

(17-(M,T;+^i)[[n]],A[,]5iv), (C.22) 

Claim IC.ll and Proposition IB. 41 from Appendix [B] imply that the Maurer-Cartan elements /i and 
H + Jl are equivalent in the DGLA (|C.18p . Furthermore, since the quasi-isomorphism K^^ is 
compatible with the filtrations (jC.ip and ()C.2p . we conclude that the transformation connecting 
and H + J1 has the form 

exp(r/), (C.23) 

where r] is an element of 5^^Q'(M, C'^'^{SM))[[h]] of total degree 0. 

In general the element /i ()C.19P have components in exterior degrees 0, 1, and 2. Let us show 
that the components of exterior degrees 1 and 2 can be eliminated by a transformation of the form 
([023]) . 

Claim C.2 There exists an element r] G ^^Q*{M,C*~^^{SM))[[h]] of total degree such that the 
Maurer-Cartan element 

Hfib = exp([, r?]G)A^ + "^P([-'^]g)-l ^Dn + 5"-^) (C.24) 

[■,mG 

belongs to n'^{M,C'^{SM))[[h]] . 

Proof. Let us denote by /ii (resp. by /X2) the component of /x of exterior degree 1 (resp. 2). 
According to the definition of K*"" we have 



^1 ^ , 
^ — ' n! 

n=l 



^Kn+i {fiB, r(7r), r(7r), . . . , r(7r)) (C.25) 

n=l 

^2 = E ;^^«+2 {f^u,l^u,r{n),Ti7T), r(7r)) , (C.26) 

n=l 

where ^fj is defined in (|2.27p . Since the series vr (j2.4ip starts with h, we have 

^i = Y-^Kn+i{-dx'dy.,7ry,Try,...,7ry) mod ^^^^^(Af, Ci(5M))[[;i]] (C.27) 

72. 

n=l 

IJ2 = Y.^_^^M-dx'dy^,-dx^dy,,Try,7:y,...,7ry) mod i?if^2(^^^^0(5^,^))[[;^]]^ ^^.28) 

n=l 

where 



— A — 

(Note that since vr is a series in h, the coefficients vr*-' are /i-dependent.) We claim that 

Kn+l ( - dx'dy. , TT^ 7r^ . . . , TT?^) = , ( " dx'dy. , -dx^dy, , TT^ VT^ . . . , Vr*') = 

for all n > 1. The latter equality follows from the fact that the components of the vector dx^dyi 
and the bivector vr^ do not depend on y. As for the former equality, we note that every term in 

Kn+i{ - dx'^y^,7^y ,TTy , . . . ,TTy){a) , a G r{M,SM) 

contains a y-derivative of the expression tt^^ {x)dyidyja{x,y) as a factor, and tt^^ {x)dyidyja{x,y) = 
due to the antisymmetry of vr. Thus both components ni and fj,2 belong to ^^Q*{M, C*^^ {S M))[[h]]. 
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On the other hand, the differential D + d^'^'^^ boils down to —5 + 9^°'^'^ at the level of the associated 
graded complex 

0J'"f7'(M, C'+\SM))[[h]]/d"'+^^'{M, C'+\SM))[[h]]. 



Thus Claim [C21 follows from the fact that the differential 5 is acyclic in positive exterior degree. V 
Since Ilfib ()C.24p has exterior degree 0, the Maurer-Cartan equation for Ilfib, 

Z^Hfib + S^^^^'^nfib + ^[Hfib, HfiblG = 0, 
is equivalent to the pair of equations 

Z^Hfib = (C.29) 
5«°'='^nfib + ^[Hfib, HfiblG = 0. (C.30) 

Equation (1C.30P implies that Ilfib gives us a new associative product on 5M[[^]]: 

ai o 02 = aia2 + nfib(ai, 02), (C.31) 

where 01,02 G T{M,SM)[[h]]. Equation ([a29|) impl ies that D is a derivation of the product o . 

Similarly, the Maurer-Cartan element Jl is equivalent to a Maurer-Cartan element Ilfib G 
n^{M,C'^{SM))[[h]] of the DGLA 

(^7•(M,C•+l(5M))[[n]],5 + a«°=^[, ]g). (C.32) 

Just as Ilfib, the element Ilffb gives us an associative product on 5M[[^]] by 

oi o 02 = ai02 -I- nfib(ai, 02), (C.33) 

and the differential L> is a derivation of o. 

To explain how Ilffb and Ilfib are related to the corresponding star products * and * on M, 
recall that we have the isomorphisms 

r : 0{M)[[h]] T{M,SM)[[h]] Dker D and t : 0{M)[[h]] r(M, 5M)[[/i]] n ker 5. (C.34) 

These isomorphisms are constructed by iterating the following equations: 

r(/) = / + 6-\VT{f) + A . T{f)) , / G 0{M)mi (C.35) 
r(/) = / + 6-\VT{f) + A . rif)) , / G 0(M)[[n]], (C.36) 

in degrees in the fiber coordinates y's, respectively. The star products *, corresponding to Ilfib, 
and *', corresponding to Ilfib, are defined by 

/i*/2 = /i/2 + nfib(r(/i),r(/2)) and /i?/2 = /1/2 + flfibWi), f (/2)) , (C.37) 



y=0 



y=0 



respectively, where /i, /2 G C'(M)[[/i]]. Our final goal is to show that * is equivalent to *. 

Let us combine Ilfib with the difference H = D — D to get a Maurer-Cartan element H + Ilfib 
of the DGLA (|C.18p . Next, we will show that the Maurer-Cartan elements Ilfib and H + Ilfib of 
the DGLA (IC.ISP are connected by an equivalence transformation of a special form. 
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Claim C.3 There exists an element ^p £ {M , {S M))[[h]] such that 

i/ + ITfib = exp([., ^]G)nfib + ^^P([-'^]g)-l (Z)^ + aHoch^)^ 

Proof. Since Jl is equivalent to ITfib in the DGLA ()C.32p . one can check that the Maurer-Cartan 
element H + Ji is equivalent to H + Ilfib in the DGLA (jC.lSp . Using that the Maurer-Cartan 
element /x is equivalent to Xlfib and H + J1 in (jC.lSp . we conclude that the Maurer-Cartan elements 
Ilfib and H + Ilfib are also equivalent. In addition, using Claim IC.21 we see that the equivalence 
transformation which connects the Maurer-Cartan elements Ilfib and H + Ilfib has the form 

exp('0), 

where -0 is an element of 5^^0»(M, C'^'^ {S M))[[h]] of total degree 0. 
In general '0 may have two non-zero components, 

where Vo e d^n°{M,C^SM))[[h]] and Vi G d^n\M,C°{SM))[[h]]. Our purpose is to show that 
ipi can be eliminated by adjusting i/j via the following transformatior^: 

^ C}i{D9 + d^°'''0 + [Hfib, 9]g , V') , (C.39) 

where 9 G r20(M, C°{SM))[[h]] and CH is the Campbell-Hausdorff series ([R6]) . The key point is 
that the element exp{D9 + Q^°'^^0 -\- [Ilfib, ^]g) leaves the Maurer-Cartan element Ilfib unchanged. 
Hence the element ip in (jC.SSP can always be replaced by the right-hand side of ()C.39p . 
Let us suppose that 

V^i G d"'n\M,C''{SM))m], (C.40) 
for m > 1. Combining the contributions to ^^^(M, C°(5M))[[n]] in ({038]) we see that 

5^1 = mod d"'^^^^iM,C^{SM))[[h]]. (C.41) 

Using the acyclicity of S in positive exterior degrees, we conclude that there exists a 

such that 

The latter means that the 0^-component of CH(L>6' + 5"°chg _^ ^jj^^^ ^ ^-j jj^g ^j^g "smaller" 
filtration subspace Q^{M,C^{SM))[[h]]. Iterating this argument infinitely many times and 

using the completeness of the filtration S*, we conclude that there exists an element 

^°{M, C°(5M))[[/i]] 

such that 

CH(i)^ + a«°=i^0 + [nfib,0]G, V') G n'{M,c\SM))m]. 

This completes the proof of Claim IC.3I . V 



"Following E. Getzler [MIES] the Goldman-Millson groupoid of the DGLA (fOTSll can be upgraded to a 2-groupoid. 
The transformation (|C.39P is an example of a 2-morphism in this 2-groupoid. 
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Since the element tp has zero exterior degree, equation ()C.38p sphts into its homogeneous exterior 
degree components: 

^ ^ exp(M]c) - 1 

ftfib = exp([, V']G)nfib + (C.43) 

Equation ()C.42p imphes that the operator 

= exp(V') : r{M,SM)[[h]] ^ r{M,SM)m] 

intertwines the geometric Fedosov differentials D and D: 

T^oD = DoT^. (C.44) 

Similarly, (|C.43|) implies that intertwines the fiberwise products (IC.3ip . (10.33^ : 

aioa2=T^^{T^iai)oT^{a2)) for ai,a2 £ r{M,SM)[[h]]. (C.45) 

Using T^, we define a C[[^]] -linear map 

T : 0{M)m] ^ 0{M)m], T{f) = a{T^or{f)), (C.46) 

for / G 0(M)[[?i]], where a is defined in (I2.10p and r is defined in (|C.36p . Just as r, the map 
r satisfies property (j2.16p . Combining this observation with the fact that ifj belongs to the first 
filtration subspace, it follows that 

T = id + /iTi + h^T2 + • • • , 

where Ti,T2,... are differential operators on M. Since intertwines the geometric Fedosov 
differentials D and D, we get that 

DT^oTif) = 0, (C.47) 

for all / G 0(M)[[?i]]. On the other hand, every D-fiat section 7 of 5M[[?i]] is uniquely determined 
by its image £7(7) . Hence (IC.46P and ()C.47p imply that 

T^rif) = T{T{f)) (C.48) 

for all / € C'(Af)[[^]]. Combining this observation with ()C.45p . we conclude that T intertwines the 
star products ()C.37P : 

*T(/2) =r(/i?/2), /i,/2 G OiM)[[h]]. 

Thus we proved that the correspondence between equivalence classes of star products and 
equivalence classes of formal Poisson structures produced by the sequence of Lqo quasi-isomorphisms 
(j2.3ip does not depend on the choice of the connection/Fedosov differential. 

□ 



53 



References 

[1] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Deformation theory 
and quantization. I. Deformations of symplectic structures, Ann. Phys. (N.Y.), 111 (1978) 61; 
Deformation theory and quantization, II. Physical appHcations, Ann. Phys. (N.Y.), 110 (1978) 
111. 

[2] F.A. Berezin, Quantization, Izv. Akad. Nauk., 38 (1974) 1116-1175; 

General concept of quantization, Commun. Math. Phys., 40 (1975) 153-174. 

[3] M. Bertelson, M. Cahen, and S. Gutt, Equivalence of star products. Class. Quant. Grav. 14, 
lA (1997) A93-A107. 

[4] H. Bursztyn, Semiclassical Geometry of Quantum Line Bundles and Morita Equivalence of 
Star Products, Internat. Math. Res. Notices, 16 (2002) 821-846; ,arXiv:math/0105001, 

[5] H. Bursztyn and S. Waldmann, Deformation quantization of Hermitian vector bundles, Lett. 
Math. Phys., 54 (2001) 349-365. 

[6] H. Bursztyn and S. Waldmann, Bimodule deformations, Picard groups and contravariant con- 
nections, K-theory 31 (2004) 1-37; ar Xiv:math/0207255. 

[7] H. Bursztyn and S. Waldmann, The characteristic classes of Morita equivalent star products 
on symplectic manifolds, Commun. Math. Phys., 228 (2002) 103-121; ^arXiv:math/0106178f 

[8] H. Bursztyn and A. Weinstein, Poisson geometry and Morita equivalence, in Poisson geometry, 
deformation quantisation and group representations^ London Mathematical Society Lecture 
Notes series, 323, Cambridge Univ. Press (2005). 

[9] A.S. Cattaneo, G. Felder, and L. Tomassini, From local to global deformation quantization of 
Poisson manifolds, Duke Math. J. 115, 2 (2002) 329-352. 

[10] A. S. Cattaneo, G. Felder, and T. Willwacher, On L-infinity morphisms of cyclic chains, 
larXiv:0812.5056i! 

[11] A. S. Cattaneo, G. Felder, and T. Willwacher, The character map in deformation quantization, 
[a?Xrv:0906.3122, 

[12] P. Chen and V.A. Dolgushev, A simple algebraic proof of the algebraic index theorem. Math. 
Res. Lett., 12, 5-6 (2005) 655-671. 

[13] A. Chervov and L. Rybnikov, Deformation quantization of submanifolds and reductions via 
Duflo-Kirillov-Kontsevich map, arXiv:hep-th/0409005 , 

[14] T. Courant, Dirac manifolds. Trans. Amer. Math. Soc. 319 (1990) 631-661. 

[15] P. Deligne, Deformations de I'algebre des fonctions d'une variete symplectique: comparaison 
entre Fedosov et De Wilde, Lecomte, Selecta Math. (N.S.) 1, 4 (1995) 667-697. 

[16] M. De Wilde and P.B.A. Lecomte, Existence of star-products and of formal deformations of the 
Poisson Lie algebra of arbitrary symplectic manifolds, Lett. Math. Phys. 7, 6 (1983) 487-496. 

[17] V. A. Dolgushev, The Van den Bergh duality and the modular symmetry of a Poisson variety, 
Selecta Math. (N.S.) 14, 2 (2009) 199-228. arXi v:math/0612288f 



54 



[18] V.A. Dolgushev, A Proof of Tsygan's formality conjecture for an arbitrary smooth manifold, 
PhD thesis, MIT; ,math.QA/0504420^ 

[19] V.A. Dolgushev, Erratum to: "A Proof of Tsygan's Formality Conjecture for an Arbitrary 
Smooth Manifold" , |arXiv:math/0703113t 

[20] V.A. Dolgushev, Covariant and Equivariant Formality Theorems, Adv. Math., 191, 1 (2005) 
147-177; arXiv:ma th/0307212| 

[21] V.A. Dolgushev and V.N. Rubtsov, An algebraic index theorem for Poisson manifolds, accepted 
to J. Reine Angew. Math.: [arXivr0711.0184i 

[22] V. Dolgushev, D. Tamarkin and B. Tsygan, The homotopy Gerstenhaber algebra of 
Hochschild cochains of a regular algebra is formal, J. Noncommut. Geom. 1, 1 (2007) 1-25; 
[arXiv:math/0605141 , 

[23] J.-D. Dufour and N.T. Zung, Poisson structures and their normal forms. Progress Math., Vol. 
242, Birkhauser Verlag, Basel, 2005. 

[24] V.G. Drinfeld, On quasitriangular quasi-Hopf algebras and on a group that is closely connected 
with Gal(Q/Q). (Russian) Algebra i Analiz 2, 4 (1990) 149-181; translation in Leningrad Math. 
J. 2, 4 (1991) 829-860. 

[25] C. Emmrich and A. Weinstein, The differential geometry of Fedosov's quantization. Lie 
theory and geometry, 217-239, Progr. Math., 123, Birkhuser Boston, Boston, MA, 1994; 
|arXiv:hep-th/9311094| 

[26] P. Etingof and V. Ginzburg, Noncommutative del Pezzo surfaces and Calabi-Yau algebras, 
larXiv:0709.3593l 

[27] B.V. Fedosov, A simple geometrical construction of deformation quantization, J. Diff. Geom. 
40 (1994) 213-238. 

[28] B.V. Fedosov, Deformation quantization and index theory, Akademie Verlag, Berlin, 1996. 

[29] B. Feigin, G. Felder, and B. Shoikhet, Hochschild cohomology of the Weyl algebra and trace 
in deformation quantization, Duke Math. J. 127, 3 (2005) 487-517; math.QA/0311303, 

[30] G. Felder and B. Shoikhet, Deformation quantization with traces, Lett. Math. Phys. 53, 1 
(2000) 75-86; |math.QA/0002057, 

[31] I.M. Gelfand and D.V. Fuchs, Cohomology of the algebra of formal vector fields, Izv. Akad. 
Nauk., Math. Ser. 34 (1970) 322-337 (In Russian). 

[32] I.M. Gelfand and D.A. Kazhdan, Some problems of differential geometry and the calculation 
of cohomologies of Lie algebras of vector fields, Soviet Math. Dokl., 12, 5 (1971) 1367-1370. 

[33] M. Gerstenhaber, The cohomology structure of an associative ring. Annals of Math., 78 (1963) 
267-288. 

[34] E. Getzler, A Darboux theorem for Hamiltonian operators in the formal calculus of variations, 
Duke Math. J. Ill, 3 (2002) 535-560. 

[35] E. Getzler, Lie theory for nilpotent L-infinity algebras, to appear in Ann. Math.; 
arXiv:math/0404003 



55 



[36] E. Getzler and J.D.S. Jones, Operads, homotopy algebra and iterated integrals for double loop 
spaces, 



hep-tli/9403055[ 



V. Ginzburg, Calabi-Yau algebras, math. AG / 0612139J 

W. Goldman and J. Millson, The deformation theory of representation of fundamental groups 
in compact Kahler manifolds, Publ. Math. I.H.E.S., 67 (1988) 43-96. 

M. Gualtieri, Generalized Complex Geometry, D. Phil, thesis, Oxford University, 2003; 



math.DG/Q401221 



S. Gutt, Variations on deformation quantization, Conference Moshe Flato 1999, Vol. I (Dijon), 
217-254, Math. Phys. Stud., 21, Kluwer Acad. Publ., Dordrecht, 2000. 

V. Hinich, Tamarkin's proof of Kontsevich formality theorem. Forum Math. 15, 4 (2003) 



591-614; i|math.QA/0003052 



N. Hitchin, Generalized Calabi-Yau manifolds, Q. J. Math. 54, 3 (2003) 281-308. 

B. Jurco, P. Schupp, and J. Wess, Noncommutative gauge theory for Poisson manifolds, Nucl. 
Phys. B584 (2000) 784-794; |arXiv:hep-th /0005005| 

B. Jurco, P. Schupp, and J. Wess, Noncommutative line bundle and Morita equivalence, Lett. 
Math. Phys. 61 (2002) 171-186; |arXiv:hep-th/0106110[ 

M. Kontsevich, Formality conjecture. Deformation theory and symplectic geometry (Ascona, 
1996), 139-156, Math. Phys. Stud., 20, Kluwer Acad. Publ., Dordrecht, 1997. 

M. Kontsevich, Deformation quantization of Poisson manifolds, Lett. Math. Phys., 66 (2003) 
157-216; q-alg/9709040j 

M. Kontsevich, Deformation quantization of algebraic varieties. Moshe Flato memorial confer- 
ence 2000, Part III (Dijon). Lett. Math. Phys. 56, 3 (2001) 271-294. 

A. Lichnerowicz, Les varietes de Poisson et leurs algebres de Lie associees, J. Diff. Geom., 12, 
2 (1977) 253-300. 

K. Morita, Duality for modules and its applications to the theory of rings with minimum 
condition, Sci. Rep. Tokyo Kyoiku Daigaku Sect. A 6 (1958) 83-142. 

R. Nest and B Tsygan, Algebraic index theorem, Commun. Math. Phys. 172, 2 (1995), 223- 
262. 

H. Omori, Y. Maeda, A. Yoshioka, Weyl manifolds and deformation quantization. Adv. Math. 
85, 2 (1991) 224-255. 

D. Quillen, Rational homotopy theory. Annals of Math., 90, 2 (1969) 205-295. 

M. Schlessinger and J. Stasheff, Deformation theory and rational homotopy type. University 
of North Carolina preprint, 1979. 

N. Seiberg and E. Witten, String Theory and Noncommutative Geometry, JHEP 9909, 032 



(1999); hep-th/9908142 



P. Severa and A. Weinstein, Poisson geometry with a 3-form background, Noncommutative 
geometry and string theory (Yokohama, 2001). Progr. Theoret. Phys. Suppl. No. 144 (2001) 
145-154. 



56 



[56] B. Shoikhet, An explicit construction of the Quillen homotopical category of dg Lie algebras, 
larXiv:0706.1333> 



[57] D. Tamarkin, Another proof of M. Kontsevich formality theorem, math.QA/9803025[ 

[58] M. Van Den Bergh, A Relation between Hochschild Homology and Cohomology for Gorenstein 
Rings, Proc. Amer. Math. Soc. 126, 5 (1998) 1345-1348; 

Erratum to "A Relation between Hochschild Homology and Cohomology for Gorenstein 
Rings", Proc. Amer. Math. Soc. 130, 9 (2002) 2809-2810. 

[59] S. Waldmann, Poisson-Geometrie und Deformationsquantisierung. Eine Einfiihrung, Springer- 
Verlag, Heidelberg, Berlin, New York, 2007. 

[60] A. Weinstein, The local structure of Poisson manifolds, J. Differential Geom. 18, 3 (1983) 
523-557. 

[61] A. Yekutieli, Mixed resolutions, simplicial sections and unipotent group actions, Israel J. 
Math., 162 (2007) 1-27; math.AG/0502206, 

[62] A. Zotov, On Relation Between Weyl and Kontsevich Quantum Products. Direct Evaluation 
up to the ^i^-Order, Modern Phys. Lett. A16, 10 (2001) 615-625; arXiv:hep-th/0007072, 



Instituto Nacional de Matematica Pura e Aplicada 
Estrada Dona Castorina 110 
Rio DE Janeiro, 22460-320, Brasil 
E-mail address: henrique@impa.br 



Department of Mathematics, University of California at Riverside, 
900 Big Springs Drive, 
Riverside, CA 92521, USA 
E-mail address: vald@math.ucr.edu 



Fakultat fur Mathematik und Physik 
Physikalisches Institut 
Hermann Herder Strasse 3 
D 79104 Freiburg, Germany 

E-mail address: Stefan.Waldmann@physik.uni-freiburg.de 



57 



